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Abstract 



We define a power series expansion of a holomorphic modular form / in the 
p-adic neighborhood of a CM point x of type K for a spht good prime p. The 
modularity group can be either a classical conguence group or a group of norm 
1 elements in an order of an indefinite quaternion algebra. The expansion coef- 
ficients are shown to be closely related to the classical Maass operators and give 
p-adic information on the ring of definition of /. By letting the CM point x vary 
in its Galois orbit, the r-th coefficients define a p-adic iC^ -modular form in the 
sense of Hida. By coupling this form with the p-adic avatars of algebraic Hecke 
QQ \ characters belonging to a suitable family and using a Rankin-Selberg type formula 

rf^ ■ due to Harris and Kudla along with some explicit computations of Watson and of 

\^ ' Prasanna, we obtain in the even weight case a p-adic interpolation for the square 

C^ , roots of a family of twisted special values of the automorphic L- function associated 

^^ ' with the base change of / to K. 
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Introduction 



The idea that the power series expansion of a modular form at a CM point with respect 
to a well-chosen local parameter should have an arithmetic significance goes back to the 
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H , author's thesis, [33] . The goal of the thesis was to prove an expansion principle, namely a 

characterization of the ring of algebraic p-adic integers of definition of an elliptic modular 
form in terms of the coefficients of the expansion. Such a result would be analogous to 
the classical g-expansion principle based on the Fourier expansion (e.g. [24]), with the 
advantage of being generalizable in principle to groups of modularity without parabolic 
elements where Fourier series are not available. The simplest such situation is that 
of a Shimura curve attached to an indefinite non-split quaternion algebra D over Q 
(quaternionic modular forms). 

The basic idea in [33] was to consider a prime p of good reduction for the modular 
curve that is split in the quadratic field of complex multiplications K and use the 
Serre-Tate deformation parameter to construct a local parameter at the CM point x 
corresponding to a fixed embedding of K in the split quaternion algebra. The coefhcients 
of the resulting power series are related to the values obtained evaluating the C°°- 
modular forms Of. / at a lift r of a; in the complex upper half-plane, where k is the weight 
of / and SI is the r-th iterate, in the automorphic sense, of the basic Maass operator 
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(^fe = — j;;: I 2i^ H — 1 . Our first goal in this paper is to prove a version of the expansion 

principle valid also for quaternionic modular forms without making use of the local 
complex geometry and completely p-adic in nature. The realization of modular forms 
as global sections of a line bundle £ suitable for the Serre-Tate theory is subtler in the 
non-split case because for Shimura curves the Kodaira-Spencer map KS : Sym uj_ -^ fl\- 
is not an isomorphism (for a trivial reason: the push-forward ui = tt*^\/x for the 
universal family of "false elliptic curves" has rank 2). This motivates the introduction 
of p-ordinary test triples (definition 1.8) that require moving to an auxiliary quadratic 
extension. The abelian variety of dimension < 2 corresponding to the CM point x 
defined over the ring of p-adic algebraic integers ©(^-j is either a CM curve E with 
Endo(£') = ii' or an abelian surface isogenous to a twofold product E x E oi such a CM 
curve. To it we associate a complex period ftoo G C^ and a p-adic period fip G O"'''^. 
If also the modular form is defined over ©(„) and '^r=oi^rix)/rl)T^ is its expansion 
obtained form the Serre-Tate theory, we establish in theorem 3.6 an equality 

cr^(^) - 6i'\.f){T)n^^-'^ = brix)n;'^-'^ (1) 

of elements in Or^y The expansion principle, theorem 3.8, asserts that if / is a holo- 
morphic modular form such that the numbers Cv" (x) defined by the complex side of 
the equality (1) are in Oy and the p-adic integers flp'^Cv (x) satisfy the Kummer-Serre 
congruences, then / is defined over the integral closure of Oty\ in the compositum of all 
finite extensions of the quotient field of Oty\ in which v splits completely. 

Suppose again that the holomorphic modular form / is defined over a ring 0(t,) 

of p-adic integers. The numbers Cy' (x) are related to the coefficients of a p- integral 
power series, i.e. to a p-adic measure on Zp, naturally attached to /. One may wonder 
about the interpolation properties of this measure. In the introduction of [15] Harris 
and Tilouine suggest that in the case of an eigenform / the author's techniques may be 
used in conjunction with the results of Waldspurger [46] to p-adically interpolate the 
square roots of the special values of the automorphic L-functions L{'Kk ® ^^s)^ where 
-kk is the base change to K of the GL2-automorphic representation -n associated to / 
(possibly up to Jacquet-Langlands correspondence) and ^ belongs to a suitable family 
of Grossencharakters for K . 

Our second goal for this paper is to partially fulfill this expectation when / has even 
weight 2k. A key observation (proposition 4.10) is that the set of values Cv{x) for x 
ranging in a full set of representatives of the copy of the generalized ideal class group 
K^/K^C^O^ embedded in the modular (or Shimura) curve extends to a Hida [17] p- 
adic GLi(i(r)-modular form Cr, which is essentially the r-th moment of a p-adic measure 
on Zp with values in the unit ball of the p-adic Banach space of such p-adic forms. The 
scalar obtained by coupling the form Cr with the p-adic avatar of a Grossencharakter 
^r for K trivial on O^ and of suitable weight twisted by a power of the idelic norm is 
proportional to the integral 



Jr{f,^r,T)^ Mtdoo)Cr{t) dt (2) 

where (j)r is the adelic lift of S2J (f), t e 9) represents x and doo G SL2(K) is the standard 
parabolic matrix such that doo* = t. When ^^ is of the form ^^ = xC^ ^^d satisfies some 
technical conditions the value so obtained is essentialy the r-th moment of a p-adic 
measure /i(/, x; x, ^) on Zp. 
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On the other hand, the square of the integral (2) is a special case of the generalized 
Fourier coefficients L^{^) studied by Harris and Kudla in [13]. Building on results of 
Shimizu [42] and refining the techniques of Waldspurger [46] , Harris and Kudla use the 
seesaw identity associated with the theta correspondence between the similitude groups 
GL2 and GO{D) and the splitting D = K ® K^ to express the generalized Fourier 
coefficients L^{9ip{F)) where F € n and (p is a split primitive Schwartz-Bruhat function 
on Da as a Rankin-Selberg Eulcr product. Thus, we can use the explicit version of 
Shimizu's theory worked out by Watson [47], the local non-archimcdcan computations 
of Prasanna [38] together with some local archimcdean computations to obtain a formula 
relating the square of the r-th moment of /i(/, x; x, to the values L{'Kk®xC i \) whose 
local correcting terms are explicit outside the primes dividing the conductor of the 
Grossencharakter and the primes dividing the non square-free part of the level (theorem 
4.21). 

Some natural questions arise. First of all, one would like to compute the special 
values of the p-adic i-function attached to the measure /i(/, x; x,^). Secondly, one 
may ask if the methods can be extended to treat different or more general families of 
Grossencharakters, in particular if one can control the interpolation as the ramification 
at p increases. Proposition 4.15 implies that, if anything, this cannot be achieved with- 
out moving the CM point. Thus, some kind of geometric construction in the modular 
curve may be in order, with a possible link to the question of the determination of the 
action of the Hcckc operators on the Scrre-Tate expansions. Another question is whether 
the reinterpretation of the integral (2) as inner product in the space of p-adic GLi(iir)- 
modular forms can be used to obtain an estimate of the number of non- vanishing special 
values L{-kk ® i, \)- We hope to be able to attack these problems in a future paper. 

Acknowledgements. The idea that the power series coefficients may be used to p- 
adically interpolate the special values L{ttk'S)^, 5) arose a long time ago in conversations 
with Michael Harris. I wish to thank Michael Harris for sharing his intuitions and for 
many useful suggestions. 

Also, I wish to thank the anonymous referee of a previous version of the manuscript, 
whose suggestions helped greatly to remove some unnecessary hypotheses. 

Notations and Conventions. The symbols Z, Q, M, C and F^ denote, as usual, 
the integer, the rational, the real, the complex numbers and the field with q elements 
respectively. We fix once for all an embedding ? : Q -^ C and by a number field we mean 
a finite subextension of the field Q of algebraic numbers. If L is a number field, we 
denote Ol its ring of integers and Sl its discriminant. If L = Q(vd) is a quadratic field, 
for each positive integer c we denote Ol.c = Z + cOl = 'Zi[cLUd\ its order of conductor c, 
with LUd = Vd ii d = 2, 3 mod 4 or Wd = (1 + Vd)/2 if d = 1 mod 4. If [L : Q] = n we 
denote //, = {cri, . . . , cr„} the set of embeddings ai : L ^ C and we assume cti — i\i^. 

If p is a rational prime wc denote Zp and Qp the p-adic integers and the p-adic 
numbers respectively. By analogy, Qoo = ^- If v\p is a place of the number field 
L corresponding to the maximal ideal p^ C Ol, we denote ©(i,), Ly, Oy, k{v) the 
localization of Ol at py, the w-adic completion of L, the ring of w-adic integers in Ly 
and the residue field respectively. The maximal ideal in Oy is still denoted py. Also, we 
denote L"'' the maximal unramified extension of Ly and O"'' its ring of integers. 

We denote Z the profinite completion of Z and for each Z-module M we let M — 
M (g) Z. We denote A the ring of rational adeles and A/ the finite adeles, so that 
A = M X A/ = QRZ. For a number field L we denote A^ = A (g) L and L^ the 
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corresponding ring of adeles and group of ideles respectively. If n C Ok is an ideal, 
we let L^ = {A e L^ such that A = 1 mod n} and denote X^ the group of fractional 
ideals of L prime with n, Pn the subgroup of principal fractional ideals generated by the 
elements in L^ and Un the subgroup of finite ideles product of local units congruent to 
1 modn. 

We fix an additive character tp of A/Q, by asking that ipoo{x) — e^'^" and tpp is 
trivial on Zp with tpp(x) — e^''™ for x £ Z[p~^] and finite p. On A we fix the Haar 
measure dx = nn<oo '^^p where the local Haar measures dxp are normalized so that the 
'(/'p-Fourier transform is autodual. For a quaternion algebra D with reduced norm v, we 
fix on Da the Haar measure dx — Jln<oo ^^p where the local Haar measures dxp are 
normalized so that the Fourier transform with respect to the norm form is autodual. Let 
{V,{, )) be a quadratic space of dimension d over Q. We denote 5a (^) = 'S>p<oc ^p ^^^ 
adelic Schwartz-Bruhat space, where for p finite, Sp is the space of Bruhat functions on 
V ^Qp and Soo is the space of Schwartz functions on y (g) R which are finite under the 
natural action of a (fixed) maximal compact subgroup of the similitude group GO(y). 
The Weil representation r^ is the representation of SL2(A) on 5a (V) which is cxplicitcly 
described locally at p < oo by 

r^ f Q ^jip(x) = ^p(-{bx,x)jip{x), (3a) 

7-V ( fl-i ) '^*-^'' "" Xv{a)\a\f^'fi{ax) (3b) 

r^ ( j^ Q j fix) ^ lv<fi{x) (3c) 

where 7y is an eighth root of 1 and xv is a quadratic character that are computed in 
our cases of interest in [21] (see also the table in [38, §3.4]), while the Fourier trans- 
form ip{x) = /y^o viy)''Pp{{xj y)) dy is computed with respect to a ( , )-self dual Haar 
measure on V (^Qp. 

If i? is a ring and M a i?-module we denote M^ = Hom(M, R) the dual of M. The 
same notation applies to a sheaf of modules over a scheme. If G is a subgroup of units 
in R we say that non-zero elements x, y £ M are G-equivalent and write x ^q y if there 
exists r € G such that rx = y. 

The group SL2 (M) acts on the complex upper half-plane 9) by linear fractional trans- 
formations, if 5 = {'^ ri) then g ■ z — "'^t^ - The automorphy factor is defined to be 



c d J ^ cz+d ' 

j{g,z) = cz + d. The action extends to an action of the group GLJ(R). If F < SL2(IR) 
is a Fuchsian group of the first kind we shall denote Mk (F) the space of modular forms 
of weight /j G Z with respect to F i.e. the holomorphic functions / on io such that 

/{■yz) = f{z)j{'y, z)^ for all z e ij and 7 e F 

and extend holomorphically to a neighborhood of each cusp (when cusps exist). The 
subspace of cuspforms, i.e. those modular forms that vanish at the cusps, will be denoted 
S'/c(r). The request that a holomorphic function on io extends holomorphically to a 
neighborhood of a cusp s is equivalent to a certain growth condition as z ^ s. Relaxing 
holomorphicity but mantaining the growth condition yields the much bigger spaces of 
G°°-modular and -cuspforms, which will be denoted M^(F) and 5^(F) respectively. 
We will denote 

Mfc,,(A,7V), 5fc,,(A,iV), M-(A,7V), S^A^,N) 
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the above spaces of modular or cuspforms with respect to the groups F = r£(A,7V), 
e e {0,1}, defined in section 1.2. It is a well-known fact that Mk^d^, N) is always 
finite-dimensional and trivial for fc < 0. 



1 Modular and Shimura curves 

1.1 Quaternion algebras. 

Let I? be a quaternion algebra over Q with reduced norm v and reduced trace tr. For 
each place £ oiQ let D^ = D (g)Q Q^. Let Ed be the set of places at which D is ramified, 
i. e. De is the unique, up to isomorphism, quaternion division algebra over Qi. If 
£ ^ T^D the algebra D is split at £, i. e. D^ ~ M2(Q^). The set E^i is finite and even 
and determines completely the isomorphism class of D. Moreover, every finite and even 
subset of places of Q is the set of ramified places of some quaternion algebra over Q 
(for these and the other basic results on quaternion algebras the standard reference is 
[45]). In particular, M2{Q) is the only quaternion algebra up to isomorphism which is 
split, i. e. split at all places. The discriminant A — An of D is the product of the finite 
primes in Ed if E^i ^ 0, or A = 1 otherwise. We shall henceforth assume that D is 
indefinite, i. e. split at oo, and fix an isomorphism $00: -Doo ^ M2(M) which will be 
often left implicit. There is a unique conjugacy class of maximal orders in D. Once for 
all, choose a maximal order TZi and fix isomorphisms ^g: De ^ M2(Q£) for £ ^ E/j so 
that ^i{TZi) = M2(Z£). For an integer N prime to A let TZn be the level N Eichler 
order of D such that 

TZn ®-l ^i = '^e^^ ( I ( " ^ ) ^ M2(Zi!) such that c = mod N 

for £ ^ Ed, and TZn ^ Zf is the unique maximal order in D^ for £ G E/j- li D = M2(Q) 
we take 7^l = M2(Z) and 7^^r = | f " ^j") e M2(Z) such that c = mod n\. 

There are exactly two homomorphisms or^ , or| : TZn ^ ^e — > ^e^ for each prime 
£\A, and two homomorphisms or],or^: TZn '^ ^i — > ^e for each prime £\N. These 
maps are called £- orientations and the two ^-orientations are switched by the non- 
trivial automorphism of either ¥^2 or F^ . An orientation for TZn is the choice of an 
^-orientation or^ for all primes £\NA. 

An involution rf h^ rfMn I? is positive if tr (dd^) > for all d G D. By the Skolcm- 
Nocther theorem 

rf^ =t-^dt (4) 

where i G D is some element such that t^ G Q^° and d 1-^ d denotes quaternionic 
conjugation, d + d = tr(d). li t E D is such an element, let Bt be the bilinear form on 
D defined by 

Btia, b) = tr(a6i) = tr(af6^) for aU a,be D. (5) 

If 7?. C -D is an order, the involution d 1-^ d^ is called TZ-principal if 7?.^ = 7?. and 
the bilinear form Bt is skew-symmetric, non-degenerate and Z-valucd on TZ x TZ with 
pfaffian equal to 1. When A > 1 an explicit model for the triple {D, TZn, d i-^ d^) can be 
constructed as follows. The condition (n, — iVA)^ = — 1 for all £ G Ezj on Hilbert symbols 
defines for n a certain subset of non-zero congruence classes modulo iVA. Passing to 
classes modulo SA^ A and taking n > we may assume that (n, — A^A)oo = {n, —NA)p = 
1 for all primes p dividing A^ and also (n, — A^A)2 = 1 if A is odd. By Dirichlet's theorem 
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of primes in arithmetic progressions there exists a prime po satisfying these conditions 
and the product formula easily implies that 

(po,-^A)£ = -l if andonly if ^G Si5. (6) 

Let a e Z such that a^NA = —1 mod pg. 

Theorem 1.1 (Hashimoto, [16]). Let D be a quaternion algebra over Q of discriminant 
A and let t e D such that t^ e Q<" , Then: 

1. D is isomorphic to the quaternion algebra Dh = Q ® Qi ® Qj ® QU; where 
i^ — — iVA, i^ — Po and ij = —ji; 

2. the order TZh.n = ZeieZe2®Ze3©^e4, where ei == 1, 62 = (l+j)/2, £3 = {i+ii)/2 
and £4 ~ {aNAj + ij)/po is an Eichler order of level N in Dh; 

3. the skew symmetric form Bt on Dh is l^-valued on TZh,n if o,nd only if ti G 'R-h,n ■ 
Moreover, it defines a non- degenerate pairing on TZh,n x Ti-H.N if o,nd only if 

i.i c '^H,N' 

4. let t = i^^ . Then the elements jyi = £3 — 2^P° ^ 1)^4; ^2 = —aNA — £4, 773 = 1 
and ri4 = £2 are a symplectic Z-basis ofTZn.N- 

We call Hashimoto model of a quaternion algebra endowed with an Eichler order TZ of 
level A'" and a 7?,-principal positive involution the triple {DH,'R-H,Nji~^) given in the 
above theorem. We can fix the isomorphism $00 for the Hashimoto model by declaring 
that 

'^-W - ( NA '0 ) ' *-(^) -{"f -'vTo 

1.2 Moduli spaces. 

Fix a 7?.i-principal positive involution d h^ d^ as in (4). We shall consider the groups 

ro(A, A) = 7^]v = {7 G TZn such that 7/(7) = 1} 
and 

ri(A,A) = {7G ro(A,Af) such that or^(7r) = or^(r) for all r G 7^^r, i\N,e = 1,2}. 
When A = 1, ro(l, A^) and ri(l, A) are the classical congruence subgroup 

ro(Af) = I ( '^ Me SL2(Z) such that c = Q mod A 

and 

ri(A) = I ( '^ Me SL2(Z) such that a, d = 1 e c = mod A 

respectively. Since D is indefinite re(A,A^) for e G {0,1} is, via $00, a discrete sub- 
group of SL2(M) acting on the complex upper half plane Sj. When A > 1 the quotient 
Xs;{A,N) = re(A, A)\^ is a compact Riemann surface, [43, proposition 9.2]. When 
A = 1 let Xg(A) be the standard cuspidal compactification of Yg{N) = rg(N)\S). 

Each of these complete curves X has a canonical model over Q, [43]. In fact, each 
X can be reinterpreted as the set of complex points of a scheme X which is the solution 
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of a moduli problem, defined over Z[1/A''A], e.g. [1, 6, 7, 32, 39]. When D = Nhi 
and iV > 3, the functor Fi{N) : Z[l/iV]-Schemes -^ Sets defined by 



Fi{N){S) = 



( Isomorphism classes of generalized elliptic curves E — E\i 



\ with a section P: S ^ E oi exact order N 



is represented by a proper and smooth Z[-^]-scheme Xi{N) such that Xi{N){C) = 
Xi{N). The complex elliptic curve with point P of exact order N corresponding to 
ze 9)is the torus E^ == C/Z ® Zz with P = 1/N mod Z. Denote 

wn:£n-^X,{N) (7) 

the universal generalized elliptic curve attached to the representablc functor Fi{N). 
The scheme Xo{N) quotient of Xi{N) by the action of the group of diamond operators 
(a): XiiN) -^ Xi{N), {a){E,P) = {E,aP) for all a G (Z/iVZ)^, is the coarse moduh 
scheme attached to the functor 

, , , , f Isomorphism classes of generalized elliptic curves E ~ E\g 
'^ ' ' ' 1 with a cyclic subgroup C G E oi exact order TV 

and a smooth Z[l/Af]-model for the curve Xq(N). 

When A > 1 and N > 3, Xi{A,N) = Xi{A,N){C) for the proper and smooth 
Z[l/AfA]-scheme Xi{A,N) representing the hmctor Fi{A,N): Z[l/A^A]-Schemes ^ 
Sets defined by 

{Isomorphism classes of compatibly principally polarized ' 
abelian surfaces A = A^g with a ring embedding 
TZi ^^ End(A) and an equivalence class of 
T^-AT-orientation preserving level N structures 

A level N structure on an abelian surface A with TZi C End(^) is an isomorphism of 
(left) 7?.i-modules A[N] ~ TZi (g) (Z/A^Z). Two such structures are declared equivalent 
if they coincide on TZn ® (Z/NZ) and induce the same ^^-orientations on T^^v for all 
£\N. The principal polarization is compatible with the embedding TZi C End(yl) if 
the involution d t-^ d' is the Rosati involution. The abelian surfaces in _F'i(A, iV)(5') 
are called abelian surfaces with quaternionic multiplications (QM-abelian surfaces, for 
short) or false elliptice curves. The complex QM-abelian surface corresponding to z G ij 
is 

A, - Z?^/7^l, (8) 

where Z)^ is the real vector space I?oo endowed with the C-structure defined by the 
identification C^ = ^ool-Doo) (i), i-e. A^ = C^/'I' 00(7^1) (i)- The complex uniformiza- 
tion (8) defines a level structure N-^Tlxjllx = (I?/7^l)[iV] ^ (^z)[^] and the skew- 
symmetric form ($oo(a) (j) ,$oo(&) (1)) = Bt{a,b) for all a,b e D, where Bt is as 
in (5), extended to C^ by R-linearity is the unique Riemann form on A^ with Rosati 
involution d 1-^ d^ , [32, lemma 1. 1]. Denote 

tta,n--Aa,n^Xi{A,N) (9) 

the universal QM abelian surface attached to the representable functor Fi{A, N). 

As with the split case, a smooth Z[l/A^A]-model Xa{A,N) of Xi{A,N) can be 
obtained as quotient of A'i(A, A^) by a suitable action of p°L'jvi — (Z/A^Z)^ . It is the 
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coarse moduli space for the functor 

Isomorplrisni classes of compatibly principally polarized 
F (A AfVS'') — ^ abclian surfaces A = Aig with a ring embedding TZi ^-> End(A) 
and an 7?,7v-equivalence class of level N structures 

where two level N structures are T^jy-equivalent if they coincide on TZn (Xi (Z/NZ) . 

Remark 1.2. In order to study the reduction of the modular and Shimura curves at 
primes dividing A'^A one has to extend the moduli problems described above to moduli 
problems defined over Z, see [2, 28]. The Z-schemes thus obtained are proper but not 
smooth. We shall not deal with primes of bad reduction and for the purposes of this 
paper the above descriptions will sufhce. 

1.3 Subfields and CM points. 

Let Q C L' C L he a tower of fields with [L : L'] = 2 and assume that L splits D, 
i. e. D (g)Q L ~ M2(L) or, equivalently, that L admits an embedding in D (E)q L'. An 
embedding j : L ^^ D (E)q L' endows D (X)q L' with a structure of L- vector space. Scalar 
multiplication by A G i is left multiplication by j{\). The opposite algebra D°p acts 
L-linearly on D by right multiplication, providing a direct identification 

D°P (SL^^ 'End L{D(dL'). (10) 

Let a be the non-trivial element in Gal(_L/L') and j'^{X) = j(A'^) for all \ E L. By the 
Skolem-Noether theorem there exists u E {D (g)Q L')^ , well defined up to a L^ -multiple, 
such that uj(X) — f{X)u for all A S L and v? G L' . Thus, with a slight abuse of 
notation, the embedding j defines a splitting 

D®L' = L®Lu (11) 

which can be more intrinsically seen as the eigenspace decomposition under right mul- 
tiplication by j(L^). Also, there is an isomorphism 

D^^D°P, Xi + X2U ^ Xi + X^u. (12) 

Let L = L'{a) with a'^ = A e L' . The element 

ej = -(l®l + -3{a)(da] eD(dL' (13) 



2 V ^■■ 

is an idcmpotent which is easily seen to be, under (10), (11) and (12), the projection 
onto L with kernel Lu. If L C C the idempotent e^ defines a projector in D^ for all 
z G Sj hy scalar extension. 

An involution d 1-^ cfi in D extends by linearity to D ® L' . If ]^ is the embed- 
ding j^(A) = ]{X)\ the explicit description (13) implies at once that e^t = e^^ and in 
particular 

Cj^ — Cj if and only ii ]{L) = ]{L) pointwise. 

When the involution is positive a fixed idempotent can be constructed as follows. As an 
element of End(D) the involution (4) has determinant —1. Since 1^^ = 1 and ii{d)) = 
tr{d) for all d S -D its (—1) -eigenspace is a subspace of trace elements of dimension 
either 1 or 3. If the dimension is 3 then the involution is the quaternionic conjugation. 
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contradicting the positivity assumption. Therefore there exist a non-zero element d of 
trace fixed by the involution. The subalgebra F = Q{d) C D is a quadratic field fixed 
by the involution and the corresponding idempotent e € DiS)iqF has the desired property. 
Note that the positivity of the involution implies further that F is real quadratic. 

The conductor of an embedding j: L ^ D oi the quadratic field L relative to the 
order TZn is the integer c = cat > such that j{Ol,c) = j{L) n TZn- Denote c the 
minimal conductor, i.e. the conductor relative to the maximal order TZi. It is clear 
that c is a multiple of c, in fact c/c is a divisor of N because Ol,c/Ol^c injects into 
TZi/TZn — Z/iVZ. In the following result the embedding is left implicit to simplify the 
notation. 

Proposition 1.3. Let L d D be a quadratic subfield with associated decomposition 
D = L® Lu. Let A = Ln TZn and A' = Lu n TZn- Then: 

1. D is split at the prime p if and only if [u^, 5l)p ~ 1/ 

2. ifp is unramified in L and gcd(p, c) = 1 then TZn®'^p = h.®'Lp®K'®'Lp. Moreover, 
h! ^Tip = Ju for some fractional ideal J^ <Z L ® Qp such that N{J')i'{u) = {q'^) 
with e == 1 if q\NA and e = otherwise. 

Proof. Let L = Q{\/d). Then {1, \/d, u, ^/du} is a Q-basis of D and the local invariants 
of the norm form arc dot = 1 and Ep = {— 1,-1) p{u'^ ,d)p = (— 1, — l)p('u^, (5l)p, thus 
proving the first part. 

For the second part, choose u so that v? G Z. Then there is an inclusion of orders 
TZ' = Ol.c ® Ol.cU C a © A' C TZn- The elements {1, cujd, u, cojdu} are a Z-basis of TZ' , 
so that TZ' has reduced discriminant Slcu^. We are thus reduced to check that when 
p\u'^ and gcd(p, cS^) — 1 then there is no element x G TZn of the form x — (r + r'u)/p 
with r, r' G Ol.c ^pOl.c- For such an element x one must have p|tr(r) and p\N(r) from 
which one derives quickly a contradiction. 

The last claim follows from the very same discriminant computation since TZn has 
reduced discriminant A^A.l 

Fix a quadratic imaginary field K that splits D. Exactly one of the two cmbeddings 
J, j°' is normalized in the sense of [43, (4. 4. 5)]. The normalized embeddings correspond 
bijectively to a special subset of points t G Sj. More precisely, there is a bijection 

/normalized embeddings \ p, ,. _ / t € Sj such that ^oc{j{K^)) = 

I j:K^D /^^^^^'^^'^-\{7G$ooP^)nGL+(R) I 7 -r^r} 

The bijection is ro(A,7V)-equivariant where ro(A,iV) acts by conjugation on the left 
set and on CMa,a: via its action on Sj. Also, the correspondence j ^^ t is characterized 
by the fact that the complex structure on Doc induced by the embedding j coincides 
with that of D^^. In the split case CMi^^ — K O S). 

We shall denote c^ — c^-.n the conductor relative to the order TZn of the embedding 
associated to the point t G CMa.x and Ct its minimal conductor. 

Proposition 1.4. Let t and t' G CMa.k such that t' = -f ■ t for some 7 G ro(A, N). 
Then Ct'^n = c^-^n- 

Proof. Let j and j' be the embeddings corresponding to r and r' respectively. Then 
y = 7J7-1 and so /(a^, J = y{K) HTZn = 7j(^)7"' HTZn ^ l{.]{K) n TZn)i^^ = 
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Definition 1.5. A point x G Xo(A, A^) is a CM point of type K and conductor c ~ c^ 
if it is represented by a t Cz CMa.at with Ct.n = c. Denote 

CM{/\, N]Ok,c) == {CM points ofXo{A,N) of type K and conductor c}. 

The following result is [4, Lemma 4.17] 

Proposition 1.6. Let c > be an integer such that gcd(c, A^A) = 1. Then the set 
CM(A, A^; Ok.c) is non-empty if and only if 

• all primes i?|A are inert in K , and 

• all primes (i\N are split in K . 

For T G CMi.K the elliptic curve Er has complex multiplications in the field K. 
When A > 1 and r G CMa.at the QM abelian surface A ~ At = A(C) contains 
the elliptic curve E = K ® ^/Ok,c and in fact is isogenous to the product E x E. 
In particular there is an identification End°(^) ::i D ^ K. Consider the left ideal 
e = End(^)nEnd°(A)(l — Cj) where e^ is the idempotent (13) attached to the embedding 
J : K ^^ D associated to r and let S = -4[e]° be the connected component of the 
subgroup scheme of A killed by e. Note that since j{Ok,c) and e^ commute, the order 
Ok,c acts on £. 

Proposition 1.7. A = £ ®Ok e ^i '^^ group schemes. 

Proof. Let S be any scheme of definition for A. Over any S'-scheme T there is an 
obvious map {£ ®Ok,e ^i)(^) ^ -^(^) which is surjective because £ ®OK,a '^i contains 
two independent abelian schemes of dimension 1, £ and any translate of it by an r G 
TZi — Ok,c- To show that the map is injective, it is enough to do so over an algebraically 
closed field. Over C we have £{C) = E and thus {£ <»r- 7^l)(C) = E ®OK.a ^i = 
(JT ® K ®o^ , 7^l)/7^l = A. ■ 

Definition 1.8. Let p be an odd prime number, gcd(p, iVA) = 1. A p-ordinary test 
triple for re(A, TV) is a triple (r, u,e), where r G CMa,;^, v is a finite place dividing 
p in a finite extension L D Q and e £ D ® F is the idempotent associated to a real 
quadratic subfield F <Z D pointwise fixed by the positive involution, such that 

1. FK C L; 

2. the CM curve Ft or QM-abelian surface Ar has ordinary good reduction modulo 

Pv; 

3. if w is the restriction of v to F then e G TZi ®i ©(m) • 
Furthermore, a p- ordinary test triple (r, w,e) is said split if p splits in F. 
Let us observe that: 

1. the ordinarily hypothesis implies that p splits in K; 

2. the idempotent e plays no role in the split case and can be omitted in that case; 

3. the explicit description (13) of e shows that the third condition above is equivalent 
to gcd(p, cSp) = 1 where c is the minimal conductor of F; 
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4. for a p-ordinary triple (r, v, e) for Fi (A, N) the point x G ^i ( A, A^) represented by 
T is a smooth point in Xi{0(^y-)). This is clear for D split and follows for instance 
from [22, Theorem 1.1] in the non-split case. 

Proposition 1.9. Let p be an odd prime number, gcd(p, 7VA) — 1. There exist split 
p-ordinary triples for T^{/S., N). 

Proof. Since any two positive involutions (4) are conjugated in D, up to a different 
choice of maximal order we are reduced to the Hashimoto model. Up to replacing po in 



(6) in its congruence class modulo 8NAp, we may assume also that f ^° 1 = 1. Thus the 
subfield F — QO) Qj C Dh is pointwise fixed by the involution, has discriminant prime 
to p and p splits in it. Finally, the minimal conductor of the embedding ^/p^ t-^ j Cz F 
is prime to p since j G TZh,n-U 

The decomposition D ~ K (B Ku associated to a choice of r G CMa,k is also an 
orthogonal decomposition under the non-degenerate pairing (x, y)]j = tT{xy). Note that 
here m^ > since the norm is indefinite. We shall be concerned with the algebraic group 
of similitudes of (•, ■)£), i-c. 

GO{D) ~ {g G GL(£') such that (gx,gy)D = i^o{9)(x,y)D for all x,y E D} . 

The structure of the group GO{D) is well understood, e.g. [12, §1.1], [13, §7]. Let 
t G GOiD) be the involution t(d) = d. Then GO{D) = GO°(D)>< < t >, where 
G0°(£') is the Zariski connected component described by the short exact sequence of 
algebraic groups 

1 — >Gra — > D"" xD"" ^ GO°{D) — > 1 (14) 

where Gm is embedded diagonally and Q{di,d2){x) — dixd^ . The norm v restricts to 
Nk/q and —u'^Nj^iq on K and Ku respectively, and GO{K)° ~ G0° (Ku) ~ Rf 



^ K/Q> on J\ ana j\u respectively, aiiu Vjv^^/v j i^ VjU [j\u) ::; rt/f/Qiijm.if 
where the isomorphism is given by left multiplication. Thus, the subgroup of GO°(Z?) 
that preserves the splitting D = K (B Ku can be identified with the group 

G{OiK) X 0{Ku)y - {{ki,k2) G {RK/QGm,K)^ such that NK/aikik^^) = l} 
and there is a commutative diagram 

if X X if X — e_^ G{0{K) X 0{Ku))° 

.x,| I (15) 

D"" X D"" — ^-^ GO°(i:») 

where a{ki,k2) = (fciA:^ ,A:ifc^ ). 

We will normalize the complex coordinates in DJ^ = {K © Ku) (g) K. as follows. 
The standard normalized embedding /' : Q(V— 1) ^^ M2(Q) with fixed point i E Sj 
defines a splitting M2(M)* = C C-^ with C = R (\) ® M (^ "^) and C-^ = C (^ ^) = 
^{i )®R(^ ^). Define standard complex coordinates zf , zf in Doc by the identity 

<&^(d)-zf + zf (/). (16) 

The R-linear extensions of the embeddings /* and <i>oo ° J are conjugated in M2(M), 

(1/2 1/2 \ 

^ ^-1/2 ) and T = s + iy. So we define 

normalized coordinates zi and Z2 in Z)^ by the identity 



oo 

^St/^-1/ J-lN J^-1 



z,id)^zf{'^^'id^')d<P^'{doc)), foraUdGi^oo, * = 1,2. 
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2 Some differential operators 

2.1 Preliminaries. 

We briefly review some basic facts about the Kodaira-Spenccr map and the Gaufi-Manin 
connection. For more details see [23, 29]. The Kodaira- Spencer class of a composition of 
smooth morphisms of schemes X ^ S —^ T is the element in H^{X, {il^^,g) (E)7T*il.]^,rp) 
arising from the canonical exact sequence. 

>TT*ng^j, — >flx/T — '^x/s — '0 (!''') 

by local freeness of the sheaves il^. The Kodaira- Spencer map is the boundary map 

KS : Ti*n\/s — > R^Tr4TT*n].^j.) ~ fll^^j. (^ R^^Ox 

in the long exact sequence of derived functors obtained from (17) by pushing down. Un- 
der the natural maps H^{X, (nl^.^f <»TT*n\.,j,) -^ H"{S,R^Tr^{{n]^,gf '»Tr*nl,rp)) -^ 

H'^{S, ^g/rp (El R^TT^,Ox (8) {TT^,n\^,g) ) the Kodaira-Spencer class maps to the Kodaira- 
Spencer map. 

The q-th relative de Rham cohomology sheaf of X/S is defined as 7iJ^j^(X/S') = 
R'^7r*(ri^,g) (hypercohomology). Following [29], the Gaufi-Manin connection 

V: nl^{x/s) -^ f]^/^ ®Os W^rW^)- 

can be seen as the differential d^"^ : E^''^ -^ E-^"'^ in the spectral sequence defined by the 
finite filtration F^Q,*^,rp = Im(il^^ ^^Ox '^*^^s/t — ^ ^x/t)' ''^ith associated graded 
objects gr*(ri^,y) = ^'x/t (^Ox '^*^^s/t- 

If X/S ~ A/S is an abelian scheme with 0-section eo and dual A* /S , denote 
w = uJ._4^/s = ^*^ii/s = ^o*^ii/s ^^^ sheaf on S of translation invariant relative 1-forms 
on A. The first de Rham sheaf Ti-^j^ ~ Ti.\j^{A/ S) is the central term in a short exact 
sequence 

— > w — > HdR — > R^tt^Oa — > (18) 

(called the Hodge sequence). By Serre duality 

Homos(7r,f7^/g,i?V,(7r*f7^/j,)) ~ YIotclos{^a/S ® ^A^/s^^^/t) (19) 

and the Kodaira-Spencer map can be seen as an element of the latter group. It can be 
reconstructed from the GauB-Manin connection as the composition 

^^/S ^ ^dR > ^dR ® ^S/T ' '^A^/S^ ® ^S/T- (20) 

In fact, when A/S ~ A^ / S is principally polarized, the Kodaira-Spencer map becomes 
a symmetric map KS: Sym (w) -^ ^\/t^ Pi Section III. 9]. 

Let (5", io) be a smooth closed reduced subscheme of S and consider the commutative 
pull-back diagram of T-schemes 

X' — '—^ X 

5" — ^^^-^ S 
12 



Power series expansions of modular forms 

Since also tt' is smooth, we can consider the Kodaira-Spencer class, or map, KS attached 
to the morphisms X' ^ S' ^ T. When X = Ais a principally polarized abelian scheme, 
KS' € Homog, (cj' ,51^,, J,) as in (19), where u/ = u^^x'/s' = '^*^\i/gi = s'o*^a'/S'- 
Since i*Tr*fl]^,rp — Tr'*iQflg,rp and i*flx/s — ^x'/s' canonically, applying i* to (17) 
yields an exact sequence 

> TT io^^s/T ^ * ^^X/T ^ ^^X' /S' ^ "' 

hence an element KS* £ Ext^^^ ^{n^, ,a,,Tr'*iQflg,j,). The composition S' -^ S ^ T 
defines a canonical surjective map tt' ipJlg/j, -^ TT'*flg,,rj^. In the same way, we get a 
surjective map i*fl\^,j, -^ il^, ,j,. These data define a commutative diagram of Ox'- 
modules 



> tt' ^]j, /rp > fl^llrp > fl\^,,g, > 

Standard diagram-chasing shows that KS* h^ KS' under the canonical map of Ext 
groups. The following result follows easily from the definitions. 

Proposition 2.1. Let A/S be an abelian scheme with S smooth over T, {S',io) a 
closed T -smooth subscheme of S and A' = A Xs S'. Let KS : lo^"^ -^ ^\iiT '^^'^ 
KS': a/ -^ ^s'/T ^^ ^^^ corresponding Kodaira-Spencer maps. Then KS' = Looi^KS, 
where Lq: igfl^^jj, —> f^g/zy is the canonical pull-back map. 

Let again X = ^ be an abelian scheme, and let cj) : A —^ A he a.n 5'-isogeny (i. e., a 
surjective endomorphism such that ircf) = tt). The pull-back 0*51^,^ -^ ^a/t respects 
filtrations. Thus we have maps (t)*{F^ /F^) -^ F'^/F^ for all i < j because the sheaves 
F"^ are locally free. In particular, there is a map of short exact sequences 

> 0*grP+i > 4>* {FP / FP+^) > (/)*grP > 



> grP+i > pplpp+'2 , gj-p > 

where the bottom row is the tautological exact sequence of graded objects and the top 
row is obtained applying </>* to it (again, it remains exact because the sheaves are locally 
free). Since (j) is surjective, 7r*(/)* = tt* as functors and the previous diagram yields a 
map of derived functors long exact sequences 

... > RP+'^TT^grP > RP+1+^TT^gTP+^ > ... 



|[0]p,, l[0]p+i., (21) 

RP+'^TT^grP > RP+1+^TT^gTP+^ > ... 



Proposition 2.2. Let A/S be an abelian scheme with S smooth over T . The algebra 

Vo[,/)] = (1® [,^])V. 



End5(^) acts linearly on the sheaves H'^-^{A/S). Lf (f) £ End5(^) acts as [(p], then 
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Proof. Let cj) € End5(^) be an isogeny. The endomorphism [(j)] of Ti^j^^A/ S) at- 
tached to (j) is the vertical map [cflo^q in diagram (21) at iJ^Tr^gr". Under the iden- 
tification i?«+i7r,gri = R'i+^TT.,{TT*d],/j. (g)o^ ^'a/t) = ^];/t ^Os i?«+^7r,(f7^"^^) = 
^\,rp (^Os '^dR^'^/ '-') ^^'^ Gaufi-Manin connection is the connecting homomorphism 
for the tautological exact sequence of graded objects, i.e. either horizontal connecting 
homomorphism in (21) at p = and also [(t)\i^q = 1 (8) ['?!>]o,g since (f) acts trivially on S. 
The formula follows. 

Let s e 5 be a geometric point and As the fiber at s. Without loss of generality we 
may assume that S is connected and Grothcndieck's rigidity lemma [35] implies that 
the canonical map End5(^) -^ End{As) is injective. It follows that there exist division 
algebras Di,. . . ,Dt such that End5(^) is identified to a subring of M„j(I?i) x • • • x 
Mjn{Dt). The latter algebra is spanned over Q by the invertible elements, so the result 
follows by linearity. ■ 



2.2 Computations over C 

In order to compute explicitely the Kodaira-Spencer map for a complex family, i.e. when 
T = Spec(C), it is more convenient to appeal to GAGA principles, work in the analytic 
category and follow [25, 11]. If A/S is a principally polarized family of abelian varieties 
over the smooth complex variety S and f7 C 5 is an open set, the choice of a section 
a e H"{U, (nl;)'^) defines a map g„: H^{U,u) -^ H°{U,ujy) by the composition 

where g is induced by the polarization pairing {■,■) ^^i'- ^dR ® ^dR ^ ^s- ^^^ associa- 
tion a \-^ Qcr defines a map (17^,^,) -^ Hom(a;, o;^) whose dual is the Kodaira-Spencer 
map KS. By etale-ness, the actual computation of the map KS can be obtained applying 
the above procedure to the puUback of the family A/S on the universal cover of S. For 
instance, for the universal family (7) 

KS(dC®2) ^ 1 ^^_ (22) 

27ri 

where Q is the standard complex coordinate in the elhptic curve E^ = C/Z © Zz, z € ^. 
We follow this approach to compute the Kodaira-Spencer map for the universal 
complex family of QM abelian surfaces over X^ using the Shimura family A?^ /S) of (8) 
in terms of the arithmetic of the maximal order TZi . Let r = {ri , . . . , r4} be a symplectic 
basis of 7?,i. By linear extension, the real dual basis {ri^, . . . , r4^} of Doo^ is a basis 
of Hom(7^l Oz C,C) ~ Hl^iDl^/Tli). Thus, the elements r^^ , . . . ,ri^ define global 
C°°-sections of H^r(^^'^/^) with constant periods, hence V-horizontal. If H denotes 
the C-span of these sections, there is an isomorphism l-i\^{A^^ /fi) = H ®c Cfi- In 
terms of this trivialization, V = 1 §5 d, where d is the exterior differentiation. Also, 

{n\r,'')^^^l-Bt{r,,n), i,j = l,...,4, (23) 

where the 2m factor accounts for the difference of Tate twists between singular and alge- 
braic de Rham cohomology, e. g. [5, §1]. Let Ci and ^2 denote the standard coordinates 
inC2. 

Proposition 2.3. {KS{dQ ® rfO)),j=i,2 ^J^^{ll)<^^■ 
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Proof. Write 



dCi 
dC2 



n.(z) 



ri^ 



r4^ 



where 11^(2;) is the period matrix computed in terms of the basis r. Using (23) and the 
definitions we first obtain 

dCi A _ 1 dUA z 
dC,2 ) 27ri dz 




and finaUy 



(KS(dC. ® d0)),,=i,2 = 2^^^ ( X ^Q ) *^^(") ^"- 



To obtain the final formula, we make use of the Hashimoto model with A^ = 1 . In terms 
of the symplectic basis ry — {771, . . . , 774} of theorem 1.1 

= (a+aAz + l) — ^(a+aAz + 1) z \a+ z 



n,(z) = I ^ I (24) 

;5^aA(z-Q;") ^A(-z + Q:"a) 1 

where a^ — 1± \fVo- Plugging these values into the previous formula yields the result. 

■ 

2.3 Maass operators. 

When D is split, the universal family (7) defines the line bundle w = ijI^^ jy^i^j^-^ on 
the Zariski open set J^i ( A^) complement of the cusp divisor C in X\ (N) . The Kodaira- 
Spencer map KS: w®^ ^ ^j^i(Af) ^^ ^^ isomorphism. 

Theorem 2.4. The line bundle lj extends uniquely to a line bundle, still denoted uj_, on 
the complete curve Xi(N) and the Kodaira- Spencer isomorphism extends to an isomor- 
phism 

Proof. See [24] and also [28, section 10. 13] where the extension property is discussed 
for a general representable moduli problem. ■ 

If D is not split, the universal family (9) of QM-abelian surfaces defines the sheaf 
CO — uj__^^ jv/A'i(A N) ^^^ the Kodaira-Spencer map is a surjective map KS: Sym lu_ -^ 

Let p be a prime such that {p, NA) = 1 and let w be a place of a number field 
L dividing p. The algebra TZi ®z Ov acts contravariantly and O^-linearly on lo_^ ~ 
uj_^ Ov by pull-back. For any geometric point s £ Xi{A, N) (g) O^ and any non-trivial 
idempotent e G TZi (E)z Oy there is a non-trivial decomposition H^{As,^\ /k(sO ~ 
eH^{As,^\ /fc(s)) ® (1 ^ e)H^{As, n\ /k(s))- Therefore the subsheaf euj_^ is a line sub- 
bundle. Let euj_y o e^w^ C Sym uj_^ be the line bundle image of euj_^ (E) e^w^ under the 
natural map u/^"^ — > Sym uj_^ . 
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Theorem 2.5. If p, v and e are as above, then the Kodaira- Spencer map defines an 
isomorphism 

KS: ew„ (g) e^w^ — > ^a'i(a,jv)/o„ 
of line bundles on Xi(A, N) defined over Oy. 

Proof. We claim tliat the action of r (g) A G TZi Oy on the universal family (9) 
base-changed to Oy gives rise to a commutative diagram 



ngiA 



ll(8irt<giA (25) 



Indeed, under the Serre duality identification R^tt^.Oj^^ ~ w^^;^.^ for a principally polar- 
ized abelian scheme A/S the actions of Ends(^) correspond up to Rosati involution. 
The commutativity of the diagram (25) follows from proposition 2.2 and (20). 

For an idcmpotent e G T^i (gz Oy, diagram (25) defines a map eUy -^ Vl^ ® e^(w„^) 
which can be shown to be an isomorphism by the same deformation theory argument 
in [8, Lemma 6]. This is enough to conclude, because the sheaves e' (w^^) and e'cj^ are 
dual of each other. ■ 

Remarks 2.6. 1. We proved theorem 2.5 for p-adically complete rings of scalars. In 
fact the projectors onto the quadratic subfields of D are defined over the p-adic 
localizations of their rings of integers for almost all p. Thus, in these cases, ew 
and the Kodaira-Spencer isomorphism arc defined over the subrings Oiy\ C C. 

2. If the e' = ded^^ are conjugated in TZi (g B for some ring B, then the action of d 
on cjig) B defines an isomorphism of euj_ with e'w over B. 

3. In the complex case the isomorphism of theorem 2.5 can be checked by a straight- 
forward application of the computation in section 2.2. For instance, in the Hashi- 
moto model for A^ = 1 of theorem 1.1 let d ^ ai + bj + cij G Dh with 6 = d"^ = 
— a^A -I- b'^po -\- (?I^Po G Q and let e G -D (g)Q Q(v^) be the idcmpotent giving the 
projection onto Q((i). Then 

1 / V^+fc-v/Po -a + cJp'o 



2V6 \ {a + c^)A VS - by/p^ 

and 

t _ 1 / VS + b^o a + c^/p^ 

2VS\{-a + c^)A V6-b^ 

Therefore ew o e^uj_ is generated over S) by the global section 

{VS + b^ofdCi o dCi + [c^Po - a^)dC2 o ^(2 + 2{Vs + b^y^d^ o ^(3 
whose image under the Kodaira-Spencer map KS is, by proposition 2.3, 

—{Vs + b^)dzer{9j,nl^). (26) 

Since 5 7^ Pob^ (else po — {a/cY G Q which is impossible) the section (26) does 
not vanish and the Kodaira-Spencer map is an isomorphism. 
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Notation 2.7. We will denote C either the line bundle lo_^ on yi{N) or the line bundle 
ecj^ on A'i(A, TV) for some choice of idempotent e satisfying the hypotheses of theorem 
2.5 and such that e^ — e. In either case the Kodaira-Spencer map gives an isomorphism 

With an abuse of notation we will denote also C the puUback of the complexified bundle 
to ^ under the natural quotient maps. 

If 7 e Ti{A,N) the identities Z^ ( Y) = j{-/,zy^Z^{l) and $oo(7^l) (Y) ^ 
j{j,z) •I'ooC'T^i) \i) as subsets of C (in the split case) and of C^ (in the non-split 
case) respectively, show that the natural action of ri(A, N) on w over Sj is scalar mul- 
tiplication by the automorphy factor. Thus the ri(A, Af)-action extends to a SL2(K)- 
homogeneous structure on lj, and on Sym^(ci;) as well. Also, in the non-split case the 
fiber identifications induced by the action are D (g) C-contravariant and since the line 
bundle C is defined using the D action on to, it is an homogeneous line subbundle of 
Sym2(^). 

Let n € Z and let Vn be the 1-dimensional representation of C^ given by the character 
Xn{z) = z". Let Vn = Vn X Sj the homogeneous line bundle on 9) with action g • (v, z) = 
{Xn{j{g, z))v,g ■ z). Since —1 ^ ri(A, iV) and ri(A, A^) has no elliptic elements, the 
quotient ri(A,Af)\Vn is a line bundle on Xi{A,N) which we shall denote Vn again. 
Pick Vn G Vm Vn ^ 0, and let «„ = (w„, z) be the corresponding global constant section 
of Vn over S). Also, let s{z) be the global section of C over Sj, defined up to a sign, 
normalized so that 

KS{s{z)'^^)^2Tridz. (27) 

Then C^'^ ~ Osjs{z)'^'^ for all A: > 1 and there are identifications of homogeneous 
complex line bundles over both Sj and A'i(A, A^) 

V2 ^^ r2\ {^2 ^-^ 27ri dz and Vk ^^ C'^'' , ik >~> sizf" . (28) 

These identifications preserve holomorphy and are compatible with tensor products and 
the Kodaira-Spencer isomorphisms. Note that s(z) — ±27rz(iC in the split case by (22), 
and see remark 2.6.3 for the non-split case. 

Following [25], we shall define differential operators associated to splittings of the 
Hodge seguence (18) where A/S is either the universal eUiptic curve £N/yi{N) or the 
universal QM-abelian surface ^A,Af/'^i(^7 A^)- 

Over the associated differentiable manifold, which amounts to tensoring with the 
sheaf of Og-algebras O^ = C°°(5^") and which will be denoted with an 00 subscript, 
the Hodge decomposition Til^ = lo^ © w_^ is a splitting of the Hodge sequence with 
projection Proo : 7i^ -^ uj_^. For each k > 1, let Q^ ^ be the operator defined by the 
composition 

Sym'=(c^^) C Sym'=(HiR)oo -^^ Sym'' (H\^) ^^ (g> n^ ^^ks;^ Sym''{Hl^)o. (g> Coo 

Pr®'=(gil 



1- 



Sym''(tj)oo (8) £00 
(29) 
where the Gaufi-Manin connection V extends to Sym by the product rule. The com- 
position C^'^ C uj_^'' -^ Sym (tj) is injective and let Ofe^oo be the restriction of 6^ ^ to 
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Proposition 2.8. 6fc,oo is an operator C^ -^ C.'S^'^ 

Proof. If D is split then L®^ ^ u/' = Sym (lj) and there is nothing to prove. If 
D is non-split, the element e®'^ € {TZi (^z C(-u))'^'^ acting componentwise defines a 
projection w®*^ — > C®'' which factors through Sym (w). By proposition 2.2 the Gaufi- 
Manin connection V commutes with e®'' and also the Hodge projection Proo is the 
identity on £00 (in fact on lUqo)- The result follows. ■ 

The operators Qk,c>o can be computed in terms of the complex coordinate z = x+iy € 
Sj and the identifications (28). For any (say C°°) function (f> on Sj let 



<5/c(0) 



1 

27ri 



d 
dz 



k 
2iy 



The operator 5k was introduced, together with its higher dimensional analogues by 
Maass [31] and later extensively studied by Shimura (sec [18, Ch. 10] and the references 
cited therein). 

Proposition 2.9. There are commutative diagrams of C°° -bundles and differential op- 
erators 



Vfc 

Vfe+2 



£(g>k+2 



where (5„(#„) = (5„((/))i)„+2- 



Proof. The diagram for D split is but the simplest case (dimension 1) of [11, the- 
orem 6.5]. The computation in the non-split case is very similar. Let s be the KS- 
normalized section of C as in (27), rj — {771, . . . , 774} be Hashimoto's symplectic basis of 
theorem 1.1 and H = H^(z) the period matrix as in (24). Since the sections 771^, . . . , 774^ 
are V-horizontal, 




rfH 



^1 



m 




1 


/rfCi \ 




/rfCi \ 




dC2 


{h,-h) 


rfC2 




dCi 


z z 


rfCi 




\ dC2 ) 




\ '^C2 / 



I dz. 



Since s is in the C-span of dC,i and dC,2, V(s) = ( —^s + sq) ® dz with Proo(so) = 

Plugging this into Qk,c<,{<l>s®' 
the result. ■ 



Proo(l ® KS"^) (^s»*= (S>dz + kcj)s®^-^V{s)\ yields 



Let i? be a p-adic algebra with (p, A7V) — 1 and such that the e is defined over 
B and the isomorphism of theorem 2.5 holds for the sheaves base-changed to B. Let 
O^^-* be the structure sheaf of the formal scheme S'^^^ =lim {Si^ B/p^^B)P^°'"^ obtained 

■< — n 

taking out the non-ordinary points in characteristic p. Denote A4 '•^' the tcnsorization 
with O'p) of the restriction to 5^^' of a sheaf Al. 

In the split case the Dwork-Katz construction [24, §A2.3] of the unique Frobenius- 
stable V-horizontal submodule U C H^p ® B defines a splitting {Ti^^Y^^ = u/-^^ ®U 
with projection Pr^: (HJr)^^'' ~^ io^^^ ■ The construction can be carried out in the non 
split case as well. If B' is a _B-algebra and Ab' is is a QM-abelian surface with ordinary 
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reduction and canonical subgroup H (which, by ordinarity, is simply the Cartier dual of 
the lift of the kernel of Verschiebung-an etale group), then H C A[p\ with A[p\/H lifting 
an etale group and for every (p € End(^), <j){H) C H hy connectedness. Thus A/H is a 
QM-abelian surface with a canonical embedding TZi ^^ End{A/ H) and the construction 
of the Frobenius endomorphism of (Hjj^)^P'' and its splitting follows. Assuming that the 
line bundle C is defined over B and following the same procedure as in (29) with the 
projection Proo replaced by Prp yields a differential operator 

eip-. Sym'=(cj(P)) — > Sym''{Jpy)(E)C<-P\ 

Let efe,p be its restriction to (/:»fc)(p). 

Proposition 2.10. Ok^p is an operator (£■»*=)(?) -^ (£«.fc+2)(p)_ 

Proof. The argument is the same as in the proof of proposition 2.8. The action of the 
cndomorphisms commutes with the puUback of forms in the quotient A -^ A/H and 
so with the Frobenius endomorphism. Since U is Frobenius-stable, the cndomorphisms 
commute with the projection Pr^.l 

Let * e {oo,p}. The operators O^^* can be iterated. For all r > 1 let 

(r) 
®fc.* = ^k+2r-2,* O • • • O Qkr*- 

Since the kernel of the projecton Pr* is V-horizontal one has in fact 

0i'^*=Pr*((l®KS-i)V)". (30) 

(r) 

The operators Qj, ^ do not preserve holomorphy because the Hodge projection Proo is 

(r) 

not holomorphic. Similarly, the operators Qj. are only defined over p-adically complete 

ring of integers. Nonetheless, the operators 8^ ^ are algebraic over the CM locus, in 
the following sense. Let x € A"! (A, iV) (©(„)) be represented by a r € ^3 belonging to a 
p-ordinary test triple (r, u,e). Let C{x) ~ x* C be the algebraic fiber at x. The choice 
of an invariant form Wo on Ax which generates either H^{Axt^^ ® ^(v)) (in the split 
case) or eH^{Ax, $1^ ^©(t,)) (in the non-split case) over O^y) identifies C{x) with a copy 
ofO(„). 

Proposition 2.11. Let x G A"! (A, iV) (©(„)) he a point represented hy a p-ordinary test 
triple and let lOq he an invariant form on Ax as ahove. Then, for all r > 1, the operators 
©fc * define maps 

e£(x): /7"(A'i(A,iV)®0(,),£«'=) — .£«'^+2'-(x) ~0(,)C^„«'=+2^ 

Moreover ei%{x)^e^^l{x). 

Proof. The result follows, as in [26, theorem 2.4.5], from the following observation. Let 
A be an abelian variety isogenous over 0(^y) to the (/-fold product of elliptic curves with 
complex multiplications in the field K and ordinary good reduction modulo v. The CM 
splitting of the first dc Rham group of A is the splitting H^-i^{A/0{v)) = Ha-i^BHa-^ where 
HcTi is the (Ti-eigenspace under the action of complex multiplications, Ik — {ci, (72 }• The 
Hodge decomposition H^-^i^) ^ C = H^''^ © H'^'^ and the Dwork-Katz decomposition 
Hl^{A) ig) B ^ H^{A (g) B, fi^) ® U for some p-adic C'(w)-algebra B are both obtained 
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from the CM splitting by a suitable tensoring. The result follows from the algebraicity of 
the Gaufi-Manin connection and the Kodaira-Spencer map, using the expression (30). ■ 

For all r > 1 write 

rM r r f "^ y f d k + 2r-2\ f d k 

°k = Ok+2r-2 O ■ ■ ■ odk = I 77— ) I 37 

and set Sj, {(j)) — 4>. 



2711 J \dz 2iy J \dz 2iy 



3 Expansions of modular forms 

3.1 Serre-Tate theory. 

Let k be any field, (A, m) a complete local noethcrian ring with residue field k and C the 
category of artinian local A-algebras with residue field k. Let A be an abelian variety 
over k of dimension g. By a fundamental result of Grothendieck [37, 2.2.1], the local 
moduli functor Ai: C ^ Sets which associates to each B S ObC the set of deformations 
of ^ to S, is pro-representedby A[[ti, . . . ,tg2]]. When k is perfect of characteristic p > 
and A = Wj^ is the ring of Witt vectors of k, deforming A is equivalent to deforming its 
formal group, as precised by the Serre-Tate theory [27, §2]. If k is algebraically closed 
and A is ordinary, an important consequence of the Serre-Tate theory is that there is a 
canonical isomorphism of functors 

M -^ Hom(rpl® Tpl*, G„), 

[27, theorem 2.1]. Write A4 — Spf([H") with universal formal deformation A^ over fH". 
The isomorphism endows A4 with a canonical structure of formal torus and identifies its 
group of characters X{M) = Hom(7W, G^) C IH" with the group TpAi^ TpA\ Denote 
qs the character corresponding to S* G TpA (g) TpA^ . For a deformation A/b of A with 
(B,mi3) e ObC, let 

q{A/B\ •, •) : TpA X TpA' -^ G^B) = 1 + ms 

be the corresponding bilinear form. When k is not algebraically closed, the group 
structure on Jv[(g)k descends to a group structure on Al, for the details see [36, 1.1.14]. 
Let A/" C Al be a formal subgroup and p: X{A/[) -^ X{M) the restriction map. The 
Zp-module N = ker(/9) is called the dual of TV. Via Serre-Tate theory, N C TpA®TpA* . 
Then 

and 

A/" is a subtorus of M ^=^ ^{J^) — X{M)/N is torsion-free 

^=^ A^ is a direct summand of TpA (g) TpA' . 

To simplify some of the next statements, we shall henceforth assume that p > 2. 
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Proposition 3.1. Let f : A ^ B be a morphism of ordinary abelian varieties over k. 
The morphism f lifts to a morphism f : A ^ B of deformations over B if and only if 

q{AiB]P, fiQ)) = q{B/B] J{P), Q) for all P e TpA and Q e TpB. 

In particular, if {A, X) is principally polarized, the formal sub scheme M'^^ that classifies 
deformations of A with a lifting A of the principal polarization is a subtorus whose group 
of characters is ^ 

X(MPP) = Syin^{TpA). 

Proof. The first part of the statement is [27, 2.1.4]. For the second part, the principal 
polarization A identifies TpA ~ TpA*. For a deformation A/b let q'{A/BTP,P') — 
q{A/B'i P, ^{P'))- Then A lifts to A if and only if q' is symmetric, and the submodule 
of symmetric maps is a direct summand. ■ 

The last part of the proposition can be rephrased by saying that there is a commu- 
tative diagram 

TpA^TpA"^ ^ ) X{M) 



polarization I 
+ quotient i 



restriction 



Sym^iTpA) ~ -. X(A1pp) 

Concretely, if {Pi, . . . , Pg} and {P*, . . . , P*} are Zp-bases of TpA and of TpA* respec- 
tively, the g"^ elements qij = q{AJ^^ ; Pi , Pf) — 1 define an isomorphism 9^" ~ ^fc [fe.j]] ■ 

If A is principally polarized we may take Pj = P/ under the identification Tp(A) ~ 
Tp{A'). Then q^^ = qj.i on MPP = Spf ($nPP) and 

mPP c Wf, [[qf^,]] , with gPP ^ q,^, |^,p , 1 < z < J < ff . 

More generally, if A/" = Spf(9^A^) is a subtorus with n ~ rkzp(Af), aZp-basis {Si, . . . ,S'„} 
of A'' can be completed to a basis {Si, . . . ,Sn, Sn+i, • • • , Sg2} of TpA (g) TpA*. If qi ~ 
qSiiAJf^,,) — 1 and qf — qi\j^, then q^ = . . . = q^ = {] hy construction and JHaA ~ 

Wk[[q^+i,^..,q^.]]. 

Since A is ordinary, there is a canonical isomorphism TpA* -^ \^OTaB{A,Gm) for 
any deformation A/b of A. Composition with the pulling back the standard invariant 
form dT/T on Gm yields a functorial Zp-linear homomorphism to : TpA* -^ ^a/b which 
is compatible with morphisms of abelian schemes, in the sense that if the morphism 
f : A ^ B lifts the morphism f : A ^ B oi abelian varieties over fc then, [27, lemma 

f*iu;{P*j) - u;{f*{P*}), for aU P* G TpB*. (31) 

By functoriality, the maps u extend to a well-defined Zp-linear homomorphism 

cu" : TpA ^tij_4„/_A^. 
whose fH"-linear extension TpA* <S) Om ^ ^a^ /M i^ ^^ isomorphism. Thus, a choice of 



sh 



a Zp-basis {Pi, . . . , P*} of TpA* yields an identification lo_j^il ij^ — (®f^i 9^"c^i) where 
LOi = uj^{P*), i = 1, . . . ,g and the superscript ( Y^ denotes the sheafified module. 

Suppose that A is principally polarized. Let A/" C AIpp be a subtorus with dual 
N and let Aj\/ be the restriction over M of the universal deformation A^ /M. Let 
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{5i, . . . , S , (,+!) } be a Z„-basis of Sym2(T„A*) = Sym^ (TpA) such that N = 0"^, Z„5o. 

Let Lj\ ' the puUback to Aj^ of Sym^(w")(S'i), gf^ and g^be the restriction of the local 
parameters 95. constructed above, i — I, . . . , g{g + l)/2. 

Proposition 3.2. 

KS..c/2h- / '^ /ori = l,...,n 

KbA^K ^-\ rflog(gPP + l)|^ /or-^ = n + l,...,5(5 + l)/2 

Proof. It is an immediate application of proposition 2.1 to Katz's computations [27, the- 



2^,., . .A - l'^9(9+l)/2w.„.,(2) 



orem 3.7.1], because there are identifications Sym {lo_j^^ij^) — (®fifi ^^aA^^ 

1 - /'m9(9+l)/2ropp^^PP^'' nl - /'m9(9+l)/2(YJ.,^^AAA'' ,„^ J„AA 



3h 



^'m^./W = [®fJr'' W^dq!^) , n],/^ = ( efr;/^^ ^udq^ ) and dgf = for 
i — \, ..., n. ■ 



Elliptic curves and false elliptic curves. Let (r, ti,e) be a split p-ordinary test 
triple and denote A the corresponding CM curve (if D is split) or principally polarized 
QM-abelian surface (if D is non split) with A its reduction modulo p. Of the two 
embeddings ii' '— > Qp, fix the one that makes the K action on TpA ® Qp coincide with 
its natural Qp-vector space structure. 

Let Al be the local moduli functor corresponding to A. If D is split, everything 
has been already implicitely described: AIpp = Al is a 1-dimensional torus and 9^pp = 
fH" = W[[q — 1]] with q = qp^p for a Zp-generator P of TpA. Also, if w„ = a;"(P) then 
a;®2 ^ Sym^(w«)(Po P) and KS(u;^2) ^ d\og{q). 

If D is non- split, let Af = Nd be the subfunctor 

, , , J principally polarized deformations A/b of A with a lift of I 
^ ' I the endomorphisms given by elements of the maximal order 7?.i | 

The maximal order TZi acts naturally on TpA and since e G 7?.i Zp wc can find a 
Zp-basis {P, Q} of TpA such that eP = P and eQ = 0. 

Proposition 3.3. 1. M ~ Spf($HA/') i-s a 1-dimensional suhtorus of Ai^P ; 

2. m^ - l^fc[[g - 1]], where q = q^^p; 

3. if LOu denotes the pullhack of uj'^{P) to Aj\f, then KS(a;f'^) — d\og{q). 

Proof. It follows from proposition 3.1 that M{B) is identified with the set of the 
symmetric bilinear forms q : TpA x TpA -^ G„i{B) such that q{P, r^Q) = q{rP, Q) for all 
r S TZi- This makes clear that A/" is a subgroup, and that its dual N is the Zp-submodule 
generated by the elements 

i D ^ D D K» t D for aU Pi, P2 G Tp{A) and r eTZi. 
[ rPi (8)P2 - Pi (g) rTP2 '' 

Choose u in the decomposition (11) for the subfield F C D so that u e TZi, u^ =- —u 
and |i^(M)| is minimal. In particular u^ = —v{u) is a square-free integer. Pick a basis 
of D in TZi of the form {1, r, m, ru\ with r^ G Z. From our choice of test triple we can 
assume that Z[r] is an order in F of conductor prime to p, in particular p does not 
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Zr ® Z?i ® Zrti is actually an order of discriminant 
-IGr^u* such that TZ^ = 7^. 

Suppose that p|u^ and let y = - (a + br + cu + dru) with a, 5, c and d G Z be an 
element vaTZi—TZ such that y = y +7?. generates the unique subgroup of order p in TZ/TZi . 
The conditions tr(j/) e Z, i^(j/) e Z, and y^ = ±j/ easily imply that the coefficients a, 6, 
c and d are all divisible by p and this is a contradiction. Thus TZ®'Lp = TZi ® Zp and 
this reduces the set of generators for N to 

P(g)Q -Q(g)P rP (g) Q - P (g) rQ uP (g) P + P (g) uP 
uPg)Q + P g)uQ uQg)Q + Qg>uQ ruP g) Q ~ P g) ruQ 

From the relations re = er and ue = (1 — e)u in TZi g) Zp we get that the elements r 
and u act on the basis {P, Q} as the matrices ( q -°a ) ^^^ ( ° o ) respectively. Since a, 
/3 and 7 are p-units, finally N turns out to be the Zp-module generated by 

PgiQ-QgiP, jPgiP + l3QgiQ, Pg,Q + Qg,P 

and 

TpA g) TpA = N® Zp{P (g) P). 

This proves points 1 and 2, and the last part follows at once from proposition 3.2.1 

Remark 3.4. The fact that M is actually a subtorus can be reinterpreted, as in [36], 
in the more general context of Hodge and Tate classes. 

3.2 Power series expansion 

We shall now use the Serre-Tate theory to write a power series expansion around an 
ordinary CM point of a modular form / G Mfc^i(A, N) and compute the coefficients of 
this expansion in terms of the Maass operators studied in section 2.3. We assume that 
N >3. 

Let Sp^ the full subcategory of the category of rings consisting of the rings B such 
that TZig)B ~ M2{B). Note that if (r, w, e) is a p-ordinary test triple, then O^ E ObSp^,. 
For a KS-normalized section s{z) in (27) the assignment 

/(z)^,r(z) = /(zMz)«'= (32) 

sets up an identification 

Mfc,i(A,iV)~iJ"(Xi(A,7V),/:«'=) 

defined up to a sign (the ambiguity obviously disappears for k even). The identification 
extends naturally to an identification of the bigger space M^^{A,N) of C°°-modular 
forms with the global sections of the associated C°°-bundle >C§f . This "geometric" 
interpretation of modular forms can be used to endow the space Mfc^i(A, TV) with a 
canonical B-structure for any subring _B C C of definition for C in Sp^,. In fact for any 
ring B in Sp^) such that C is defined over B the space of modular forms defined over 
B may be defined as 

Mfc4(A, N; B) = i7°(A'i(A, N) g> B, £»'=). 
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Remark 2.6.2 shows that this i?-structure does not depend on the choice of £, i.e. on the 
choice of idempotent e. If B' is a flat B-algebra, the identification Mk,i{A, N; B)®B' = 
Mk,i{A,N;B') foUows from the usual properties of flat base change. By smoothness, 
if 1/NA e B C C then Mk,i{A,N-B) ®£ ^ Mfe,i(A,iV;C) = Mk,i{A,N). In fact 
the assignment (32) is normalized so that / e Mk,i{N;B) if and only if its Fourier 
coefficients belong to B (g-expansion principle, e.g. [24, Ch. 1] [11, theorem 4.8]). 

Let A/X be either universal family (7) or (9). Let x E A'(C'(^,)) be represented by 
a point r € GMa.k in a split p-ordinary test triple (t, w,e). Denote A^ the fiber of 
A/X over X and Ar the corresponding complex torus. We will implicitely identify the 
ring Wjn:^ of Witt vectors for the algebraic closure of k{v) with O"''. For each n > 0, 

let Jx,n ~ Ox.x/^x^^ and Jx.oo =lim Jx.n = Ox.x- By smoothness, there is a non- 

' * — n 

canonical isomorphism Jx,oo — C'(^,)[[u]]. For n G NU {oo} the family A/X restricts to 
abelian schemes Ax,7i/j^^- Tautologically Ax — Ax.o, a-nd Ax.n = Ax.oo ® Jx.n with 
respect to the canonical quotient map Jx.ca ^ Jx.n- Also, let J^'„ = Jx,n®0'^'^ and 

■^x,n — ■^x,n vv <Jx,n- 

Let M = Spf(7?.) be cither the full local moduli functor (in the split case) or 
its subtorus described in proposition 3.3 (in the non-split case) associated with the 
reduction Ax ^ Ax ® fc„ with universal formal deformation Ax/M- In either case 
A^ ~ Hom(r, Gm) where T is a free Zp-module of rank 1. Since the rings J™j^ are 
pro-p-Artinian, there are classifying maps 

'f)x,n ■■ 7^ — > JZn^ for all n e N U {oo} 

such that A™j^ = Ax ®(t>^,n Jx^n- Since the abelian schemes Ax,n are the restriction 
of the universal (global) family, the map 4ix,oo is an isomorphism. We will use it to 
transport the Serre-Tate parameter qg — 1 eTZ and the formal sections u;„ constructed 
in section 3.1 out of a choice of a Zp-generator S' of T to the p-adic disc of points in X 
that reduce modulo p^, to the same geometric point in X ® ky. Also, we can pull back 
the parameter along the translation by x^^ in A^ to obtain a local parameter Ux at x 
(depending on S*), namely 

^"oo = Ol'[[ux]], with Ux - qs{x)-\s - 1. 

The complex uniformization of Ax associated with the choice of r can be used to define 
transcendental periods. For any ujo G H'^ [AxiC) , C{x)) write 

Wo == p{uJo, t)s{t) p(uJo, t) e C, 
under the isomorphism Ax{C) ~ Ar- For / G Mk.i{A, N) define complex numbers 

The use of x in the definition (33) is justified by the following fact. 

Proposition 3.5. Suppose that f G Mfc(r) for some Fuchsian group of the first kind 
TZ\ > r > ri(A, A^). Then the numbers c^'^'{f,x,uJo) E C do not depend on the choice 
of T in its T-orbit. 

Proof. For any 7 G F, multiplication by J{'~1,t)~^ induces an isomorphism of complex 
tori At — > A^T- Since s is a global constant section of C over ^3, under the standard 
identifications of invariant forms, s(7r) = s(t)j(j, t)^^. The assertion follows at once.l 
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The periods p{llJo, t) (and conseguently the numbers c^^'{f, x, ujo)) can be normahzed 
by choosing lOq as in proposition 2.11. For such a choice, defined up to a w-unit, set 

f^oo = f^oo(T) =p(Wo,t), ci'''>{f,x) ^ C^''^f,X,UJo)■ 

A\sO, define the p-adic period Qp = ^p{x) G O""^'^ (again defined up to a w-unit) as 

Let / G Mksi\N;0^'). Over Spf(J,">;,,) write /* = .Ulo^" and 

jet,(/*) = x*ietif,)^u;^{xf'' = ( £ ^-^^^uA c.„(x)«'= 

\n=0 ^' J 

where fx is expanded at x in terms of the formal local parameter Ux = log(l + Ux). 

Theorem 3.6. Let x G AA.jv(C(t))) be represented by a split p-ordinary test triple 
(r, V, e) and f G Mfe(A, N; C'(^,)). T/ien, for all r>0, 



K{.f,x, ^ (^) 



cW(/,a;)GO(,). 



6p 

Proof. The case r = is clear, so let us assume that r > 1. 

We have V(/*) = V(/,w®'=) = dfx ® tof + kfxUJ^-^Viuu). Since V(w"(P)) G 
H°{M,U) for each P G Tp(^), [27, theorem 4.3.1], the term containing V(u;„) is killed 
by the projection Prp. Also, dUx = d\og{ux + 1) = d\og(q + 1) doesn't depend on x 
and we obtain Qk,p(f*) ~ {dfx/dUx)'jJu^^'^ ■ Iterating the latter computation r times 
and evaluating the result at x yields 

02(/*)(-) - |^(x)-r-(x) = ^|§#-r-. 

On the other hand, applying r times the proposition 2.9 and evaluating at r yields 

0i:L(r)(-) = 4'"'(/)w^w^'+'^ = cM(/,x,c.„)..r2^ 

The result follows from proposition 2.11. ■ 

This result has a converse. For, we need the following preliminary discussion. Let 
2? be any domain of characteristic and field of quotients /C. The formal substitution 
u — e^ ~ 1 = U + ■^U'^ + -kU^ + ■ ■ ■ defines a bijection between the rings of formal 
power series /C[[m]] and /C[[C/]]. Under this bijection the ring 2?[['u]] is identified with a 
subring of the ring of Hurwitz series, namely power series of the form 

°° B 
y -^ ;/", with /?„ G V for all n == 0, 1, 2, .... 

We say that a power series $(C/) G /C[[C/]] is u-integral if $(C/) = F{e^ — 1) for some 
F{u) G 2?[[u]]. Denote Cn,r the coefficients defined by the polynomial identity 



n\' ^ 



X(X - 1) • • • (X - n + 1) = ^ Cn.rX\ 

The following possibly well known result is closely related to [41, Theoreme 13] 
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Theorem 3.7. A Hurwitz series $(C/) = X]^o i "^" *■* u-integral if and only if 
jj{cd.il3i +Cd,2l32 H ^Cd.dPd) e V for all d= 1,2,.... 

Proof. Let F{u) = $(log(l + u)) e IC[[u]]. For any polynomial P{X) = pa + piX + 
■ ■ ■ + pdX'^ G ^[^] of degree d, an immediate chain rule computation yields 



^((" + 1)^)^W 



= Po/3o +pi/3i + ••• +PdPd- 

ti=0 



Also P{{n + l)i^)F(u)\^^^ = P{{^+^)£)Fd{u)\^^^ where Fd{u) is the degree d 
truncation of F{u), i.e. F{u) = Fd{u) + U'^^^H{u). On the space of polynomials of 
degree < d the substituition u = w — 1 is defined over V and P((u + 1)^) Fd{u) | = 
P (v^) _Fd(w — 1)|„^;^- Since -P (^^) i''^|„^i = P{k)v^, the argument shows that if 
$(t/) is u-integral, then the expression po/3o +Pi/3i + ■■■+PdPd is a P-linear combination 
of the values P(0), P(l), ...,P{d). 

On the other hand, the argument also shows that 



^(cd,i/3i + Cd,2/32 + • • • + cd.d/3d) = ('^ ''/''") Fd(« - 1) 



11=1 



is the coefficient of W^ in F. 

Therefore, we obtain that $(C/) is u-integral if and only pof3o+pi(3i + ...+pdf3d G 2? for 
every polynomial P(A:) = po+piX + - ■ ■+pdX'^ e /C [AT] such that P(0), P(l), ..., P(d) e 
P. We conclude observing that a degree d polynomial P(A) e IC[X] such that P(0), 
P(l), ..., P((i) e I? is necessarily numeric, i.e. P(N) C V and that the 2?-module of 
numeric polynomials is free, generated by the binomial coefficients. ■ 

Note that when 2? is a ring of algebraic integers, or one of its non-archimedean com- 
pletions, the conditions of the theorem can be readily rephrased in terms of congruences, 
known as Kummer-Serre congruences. 

Denote L""'^"^ the compositum of all finite extensions L C F such that v splits com- 
pletely in F and let O^^s be the integral closure of ©(t,) in L'"'^'^. 

Theorem 3.8 (Expansion principle). Let f e Mk^iiA,N) and x € A'( A, iV) (£'(„)) be 
represented by a split p- ordinary test triple (r, w,e) such that the numbers cif {f,x) <E 
O(^) for all r > and the p-adic numbers i^^^Cv {f,x) satisfy the Kummer-Serre con- 
gruences. Then f is defined over Of^js . 

Proof. Choose a field embedding t: C ^ Cp to view / e Mfc^i(A, A; Cp). For all 
r > set Cr — Cv {f,x) and fir — Crflt"''^^'^ G Cp. Unwinding the computations 
that led to the equality in theorem 3.6 shows that jet^(/*) = (X^r>o ^UJ^ ) '^u{x)^'' € 
(•^"oo ® 'Cp)uJuix)'^'^ . We claim that jet^(/*) is defined over O^. Write 

\r>0 ' J \r>0 

Since the (3r are w-integral and satisfy the Kummer-Serre congruences, the first equality 
shows that jetj.(/*) is u-integral. Since the formal substitution u = e*^ — 1 preserves 
the field of definition, the claim follows from the second equality if we check that the 
formal local parameter i^pUx is defined over L^. The group Aut(Cp/Lt,) acts on the 
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section lOu via the action of its quotient Gal(L"''/Lt,) ~ Gal(/ct,//ct,) on T^i^A^) which is 
scalar because A^ is either an elliptic curve or isogenous to a product of elliptic curves. 
Thus, the section r2pCt;„, whose restriction at x is defined over L„, is itself defined over 
L^. Therefore ilpdUx — KS(OpW^^) is defined over Ly, and so is flpUx because it is a 
priori defined over L^^ and its value at the point x, defined over L-^, is 0. 

We can now use the very same arguments of Katz's proof [24] of the g-expansion 
principle to conclude that the section /* is defined over O^. For, observe that the 
g-expansion of a modular form / at the cusp s multiplied by the right power of the 
canonical Tate form is jetj,(/*). The specific nature of a cusp in the modular curve 
plays no role in Katz's proof, which works as well when the former are replaced by any 
point in a smooth curve. 

Since /* is defined over C and over Oy, the modular form / is defined over the integral 
closure of ©(^j) in the largest subfield F C C such that i(F) C Ly. The assertion follows 
from the arbitrariness of the choice of t, since L^J^s can be characterized as the largest 
subfield of C whose image under all the embeddings C ^ Cp is contained in L„. ■ 



4 j9-adic interpolation 

4.1 jo-adic i^^ -modular forms 

A weight for the quadratic imaginary field X is a formal linear combination w = wiai + 
W2<J2 € "^[Ik], which will be also written w_ — {wi,W2). Following our conventions, 
write z— = z^^z^^ for all z € C. Also, let w = {w2,wi) and |u;| — wi + W2, so that 
w + w~ \w\X with 1 = (1, 1). 

Definition 4.1 (Hida [17]). Let E D K be a subfield of C. The space S^in; E) of 
K^ -modular form of weight w and level n with values in E is the space of functions 
f : Xn -^ E such that 

f{{\)I) ^ X^fil) 

for all XeK^. 

A remarkable subset of 5^ (n) = Sw{n; C) is the set of algebraic Hecke characters of type 
Ao, 

S^(n) = Syj_{n) n Hom(Xn, C''). 

A well-known property noted by Weil [48] is that for every ^ e Stu(n) there exists a 
number field E^ such that ^ e Sy}^{n;Es). A classical construction identifies the space 
Sw(,n) with the space SyJ^n) of functions /: K^ -^ C^ such that 

f{s\zu) = z"-/(s) for all Xe K"", zeC" and u G U„. (34) 

If / ^^ / under this identification, then 

/(/) ~ f{s) whenever / = [s] and s^, = 1 for w = oo and v\n. (35) 

This relation can be used to recognize Sw{n; E) in 5^(n). Since UcOk < ^k c' ^^"^ func- 
tions / : K^ ^ C^ satisfying the relation in (34) for all A G iiT^ , z e C^ and u G O^ ^ 
form a hnear subspace Sw{Ok,c) C Sw_{cOk)- The subspace Sw{Pk,c) includes the 
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Hecke characters trivial on O^^, namely S^(e'x,c) = S^iP k,c)^'^ov[\{K'^ / K'^ O'^^^,^ 
Denote 

and let /i„ == |Cn| and /i« = |C«|. Clearly hl\h^. 

Lemma 4.2. 1. SJ,Ok) 7^ «/ and on^?/ if (O^)^ == 1. 

^. 'E.w{Ok.2) = ^w{'20k) o,nd they are non-trivial if and only if \w\ is even. 

3. If c > 2 then Ew{cOk) 7^ and ^^(Ok.c) 7^ if and only if \w\ is even. 

4. 'E.w{Ok,c) and 'E,w{cOk) are bases for Sw {Ok, c) and Sw{cOk) respectively. 
Proof. Let U < Ui and Cjj = K^ /K^C^U. Then there is a short exact sequence 

^ ^ i^ ^ x^ ^ ^^ ^ ^ 

where Hu = C^ n K^U. The first three points follow from the observation that 
O^ if c = 1, 



O^ ifc-1, 
{1} ifc>2, ' 



■^ ^ ^ ^ ' '^^.c |{±1} ifc>2. 



For the last part, observe that multiplication by any ^ G ^^.^{cOk) defines, for every 
weight w', an isomorphism Sw'{cOk) ~> Sw+w'{cOk) which identifies the respective 
sets of Hecke characters. When ^ G 'E.uAPk.c) 7^ 0, the isomorphism restricts to an 
isomorphism of the subspaces Sw'{Ok.c) ^ Sw+w'{Ok.c)- So, we are reduced to check 
the assertion in the case of the null weight = (0, 0), which is clear because S'o(cC'k) 
and So(cC'k) (respectively S()(Pk,c) and So(C'_r-,c)) are the set of functions on the finite 
abelian group Cc (respectively C|) and its Pontryagin dual. ■ 

If m|n the inclusion X^ < Xm defines a natural restriction map 

S^{m) ^ SV,(n). (36) 

Lemma 4.3. The restriction maps (36) are injective. 

Proof. We can assume that n = mp with p prime and (p,m) = 1. Let / G Sw{m) and 
suppose that /(/) = for aU ideals I G In- Let A G K^ such that AOp = pOp. Then 
p[A-^] G J„ and = /(p[A-i]) = A-^/(p), i.e. /(p) = proving that / = identically. 

■ 

For / G Sw{n) and g G Sw' (n) let 

f K^ E^ec, fis<y)9isa) = K^ J2aec„ I{l<y)9{I<y) if !«' = ^m. 

(/,.9)-< , (37) 

[0 \iu/ ^-w 

where {sg.} and {/a} are full set of representatives of C^ in K'^ and in X^ respectively. 
The bihnear form (•,•) extends by linearity to a pairing on S{n) = 0^gz[/icl '^i£('^)' 
or on the corresponding space S{n) — ^^em 1 ^w{^), compatible with the restriction 
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maps (36). Note that for Hecke characters ^ G ^3«(n) and ^' G ^_tu(n) one has the 
orthogonahty relation 

^^'^ ' \ otherwise ' 

Remark 4.4. It follows at once from the definition (37) that the pairing (•,•) takes 
values in E on _E- valued forms. 

Let p be a prime number and let i^ be a p-adic local field with ring of integers Op ■ 
Following [17, 44], the space of p-adic ii'^-modular forms of level n with coefficients in F 
is the space 6(n; F) ~ C'^(Cn, F) of F-valued continuous functions on £„ =lim r>oCnp'-. 

It is a p-adic Banach space under the sup norm \(^\ = sup^gg l'/'(2;)l ^^id we denote 
(3(n;C'F) its unit ball. Assume that ii^ is a subfield of F (e.g. F is the completion 
of i<^ at a prime dividing p) and write S'^(n; F) = Sw{n; E) ® F and Sw{Ok,c', F) ~ 
SJ,Ok^c;E)®F. 

Proposition 4.5 ([44]). For every ideal m|n and for every ideal q with support included 
in the set of primes dividing p there is a natural embedding 

§(mq;F)= S^{mq;F) ^ 6{n;F). 

Proof. We may use Lemma 4.3 to assume that mq = np" for some a > 1. Since 
nr>o ^np'' = {1} t^^ group Inp embeds as a dense subset in €n- The restriction of 
/ e Sjj^{np°-; F) to a coset / • Pnp» is the function /(A) ^ /(/)A— . Since w G '^[Ik] the 
character A— is continuous for the p-adic topology on K^ and so extends to a character 
X2£ of {K (g)Qp)^ . Therefore / extends locally to cosets of 1 +p°-{Rk ®'^p) and globally 
to the whole of £„• The injectivity of the direct sum space S'(np°; F) follows from the 
linear independence of characters. ■ 

We shall denote / the p-adic modular form associated to the i^^-modular form /. 
If / = ^ is an Hecke character, the p-adic form ^ is again a character which is sometimes 
called the p-adic avatar of ^ (or of ^) . The density of Inp in €n implies also that the image 
of Sw{np"", F) in 6(n; F) is characterized by the functional relations /(As) = A— /(s) for 
all A = 1 mod np°. Thus, the association / i-^ / identifies SnJ^np""; F) with the closed 
linear subspace 

J e 6(n; F) such that 0(sa;) = <?!)(s)x«, (x) 1 
o^.ain, ^ J - I for all X e 1+p''{Ok ^ ^p) J ^ ' 

(when a = the domain for x is {Ok «) Zp)^). Let S'(np";F) = 0^6^,a(n;F) be the 
closure of S'(np"; F) in 6(n; F). Since 6w,a{n; F) is closed the projection onto the w-th 
summand extends to a projection n^^^a ■ S{np'^;F) — > &yj_,a{n; F). Define a pairing 

[•,•] ■.'S{np'':F) xSinp^iF) — >F 

as the composition 

5(np"; F) X Sinp^: F) ^ S{np'';F) ^ 6o,a(n; F) ^ F 

where m is multiplication and /ifj is the Haar distribution which is bounded on the space 

6o,a(n;F). 
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Proposition 4.6. The pairing (•, •) extends to a continuous pairing on S{mq;F) which 
coincides with [•, •]. 

Proof. The pairing [•, •] is continuous as composition of continuous mappings. Tlius it is 
enough to check the identity (/, 5/ = [fid] for / ^ S^inp"-; F) and g G 5tu'(np"; F). It 
follows from the definition (37) and the density of X^p in £„, since onI„j, the restrictions 
of / and / and of g and g coincide. ■ 

Recall that a p-adic distribution on Zp with values in the p-adic Banach space W 
over F is a linear operator C°(Zp, F) — > W. Given two p-adic distributions on Zp with 
values in S(np°';F) we construct a new distribution /if^^^.^j] with values in F as the 
composition 

C°(Zp, F) '^^ Sinp'^;F) ^ 6o.a(n; F) ^ F, 

where /ii * fi2 is the convolution product of jii and fi2- If fJ-i and /i2 arc measures 
(bounded distributions) /i[^i,;^2] is not a measure in general since the map 7ro,a is not 
bounded. Denote TOfe(/i) = L x'^ d^{x), k > the fc-th moment of the distribution /i. 

Lemma 4.7. Let M G NU {oo} and suppose that there exist pairwise distinct weights 
{Wk} for < k < M such that nikini) G Sw (np";F) and mfe(/X2) G S-w {np°';F) for 
aUO<k < M. Then 

Jo ifO<k<Mis odd, 

™fc(Ai[Mi,P2]) - I (2i^ [mi{iii),mi{fi2)] ifO<k = 2l<M IS even. 

If M = oo the latter formulae characterize the distribution /i completely. 

Proof. By direct computation mkini^^^fj^^]) = (J-h ° T^o.a (//z2 {x + y)'' d^i{x)d^2{y)] = 

Y.i=o \l) l^H ° Tro.a {mi{^j,i)mk-i{ti2)) = I^iLo ( i) [mi{^J.i),mk-i{ti.2)] ■ The formula 
follows at once from the orthogonality relations in (37) since Wj = Wk-i only ii k ~ 21 
is even and i = I. The final assertion is also clear.! 

Let /x be a p-adic distribution on Zp with values in a p-adic space S of continuous 
i^-valued functions on a profinite space T. For every t € T, evaluation at t defines an 
F- valued distribution /i(i) on Zp, ii{t){(f)) — /i(0)(t). Conversely, a family {iit}t£T of F- 
valued distributions such that the function ii{4)){t) — iit{<t)) is in S for all cf) E C'^iZp, F) 
defines a p-adic distribution fi on Zp with values in S and fi{t) = jit for all t G T, which 
is obviously unique for this property. 

Lemma 4.8. Let T be a profinite space, S a p-adic space of continuous F-valued func- 
tions and fi a p-adic distribution on Zp with values in S. Then fi is a p-adic measure if 
and only if ^{t) is a p-adic measure for all t Cz T. 

Proof. If /i is bounded, the distributions /i(t) are obviously bounded. 

Suppose that iJ,{t) is bounded for all t E T. Let {(f>k} fc = 0, 1, 2, ... be functions in 
C''(Zp,F) with \\(j)k\\ = 1 and let (pk — M(0fc)- If ll<Pfc(^)|| ~ P^'' choose tk E T such that 
Wk{tk)\p = P^''- If the set of values {p^''} is not bounded we may assume without loss 
of generality that ri < r2 < r^ < ■ ■ ■ and since each ^{tk) is bounded also that {tk} is 
an infinite set. By compactness of T, there exists t E T, t ^ tk for all fc, such that every 
neighborhood of t meets {tk}- This contradicts the boundedness of fi{t) since |<p(i)L is 
locally constant for all ip G S. 
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In particular, the sequence jj, ((?)) is bounded and /i is a measure. ■ 

As an application, let x •= 2^(np°) and ^ G 'B^/{np"') be Hecke characters taking 
values respectively in Op and Op, where Qp C F' is a totally ramified subextension of 
F. For every x G €n the series 

°° 1 - 11 

has integral coefficients in the variable T (the corresponding measure is x{x)d^, x, where 
dt denotes the Dirac measure concentrated at t). Thus, there exists a unique measure 
/x^^^ on Zp with values in S{n;OF) such that mk{px,i) — xC • When w' ^ the 
moments' weights are pairwise distinct. 

4.2 Expansions as distributions 

Let j: K '^^ D a, normalized embedding of conductor c = Ct^n with corresponding 
T e CMa.a: and x e CM(A, TV; 0/^,c)- Let y = Im(r). The embedding j defines by 
scalar extension a diagram 

i i 

XX/^^K^a^, -^ D^'XDl/Z^nl (39) 

i i 

where the vertical maps are the natural quotient maps and Z^o is the center of D^. 
Under the decomposition 

Dl^D^Gh+{M.)nl (40) 

the idele d — doffooW corresponds to the point represented by gooT- Classfield theory 
provides an identification C| ~ G&\{Hc/K) where He is the ray classfield of conductor 
c. It is also well-known that the points in the image of the bottom map in (39) are 
defined over He, so that G&\{Hc/K) acts naturally on them, and that the two actions 
are compatible (Shimura reciprocity law, [43]). In particular, if Sa G K^ represents a € 

Gal{Hc/K), then s„ maps to x" and A^a ^ A^" \ Write A.^{C) = A^ = CVA^ with 
A^ = A ([) where e == 1 and A = Z^ c C if Z? is spht and e = 2 and A = $oo(7^i) C C^ 
if £) is non-split. The theory of complex multiplication implies that Ax'^{C) ~ C^/scrA,- 
where Sg^A^ = Ad^^ (^) if s^^ = dcgcU^ under (40). For a fixed prime p one can choose 
representatives {s^} C K^ normalized as follows: 

Sct,!; is u-integral at all finite places v and a w-unit at the places v\pc. 
For each such representative s there is a diagram of complex tori 

Agr = C'/Agr -^^^ C^sAr -^^^^^ <C' / A^ 



A,.(C) A,{ 
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where s = dgu under (40) and tTs is the natural quotient map arising from the inclusion 
sAr C At- The element g e GLJ(]R) is defined hy gr € S) only up to an element in 
O^ ^. Choose p and a place v over p in a number field L large enough so that for each s 
the triple (gr, w, e) is a p-ordinary test triple and that the isogenics tts are defined over 
L. 

Lemma 4.9. With the above notations, it is possible to choose for every a € Gal(Hc/K) 
an invariant 1-form on A^a that generates C{x'^) (^ 0(^y) and for which 



i9T) ^or. Ji9.T)VLr^{T); 



(") 



Proof. Take lOq G H^ {Ax{C) , C{x) ® C). The quotient map tt^ is the identity on 
(co)tangent spaces and commutes with the action of the endomorphisms. Thus lJs = 
iT*s{uJo) & H^{Ax''{C),£{x'^)) and p{uJs,gT) — j{g,T)p{uJo,T). Furthermore, p doesn't 
divide the degree of tt^ and so tt* is an isomorphism between the natural p-adic structures 
on the spaces of invariant forms. This proves part 1. 

For part 2 observe that the reduction mod p of the dual map tt* gives an isomorphism 
of the rank 1 tate module quotient T of §3.2. Thus tt*{ll!u{P)) is a universal form on 
the deformations of A^^ by formula (31) and the equality follows. ■ 

If s and s' = sXzu with A G K^, z G C^ and u G 0\ ^ are two normalized 
representants of the same a G C* a comparison of the relations in lemma 4.9 for the 
decompositions s — dgr and s' — {Xd){gz)(ru) shows that LOg' ^qx zLOg. Therefore the 

construction of lOs can be extended modulo O^ ^-equivalence to all s G K^ by setting 

WsAzM ~cix zLUs for all A G K^ , z G C^ , u G O^ ^ and s normalized. (41) 

Let / G M2K,fi{^, N) and normalize the invariant form as in proposition 2.11. For all 
integers r > such that (O^ ^■)2(K+r) _ ^ define a function C(r)(/, x) : K^ ^ C as 

where s = dgu as above. 

Proposition 4.10. Suppose that f is defined over ©(^j) and assume that (O^ ^~)2(K+r) __ 
1. Then ci^r){f,x) G 5(2(K+r),o)(CK,c) H 5(ci?K, Ct,)- 

Proof. The modular relation for C(^j,){fix) follows at once from (41) and the definition 
since gzT = gr. For an idele s satisfying the conditions (35) for n = (pc) the invariant 
form iUs satisfies proposition 2.11 and then theorem 3.6 together with lemma 4.9 shows 
that as a p-adic iiT^ -modular form c/j,\(f,x) has coefficients in Ly and in fact belongs 
to the unit ball. ■ 

Assume that O^ ^ — {±1}- Let [if^x be the p-adic distribution on Zp with values in 
S{cOk', Ly) such that mr{pf.x) — C(r)(/, a;) and let /i^^^ be the p-adic measure associ- 
ated to a choice of Grossencharakters x G S(_2K,o)(Ci<-,c), £, G S(_2.o)(Ca:,c) as in the 
discussion after lemma 4.8. 
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Theorem 4.11. There exist a p-adic field F and a p-adic measure /i(/, a;;x,^) on Zp 
with values in Op such that 

, \ \ ^ if < r is odd, 

mr (M[M/,.,A.,,d) = I {hl)-^n-^^^+'\^l)mi{ii{f,x-x,S,)) if0<r = 2lis even, 

Proof. Let F be large enough to contain Ly , the field of values of x and £_ and the p- 
adic period f2p. The expression follows from Lemma 4.7 and the fact that for a suitable 
choice of representants for C| we have, combining the definition (37) with theorem 

3.6, proposition 4.6 and lemma 4.9, X^\c(i){f,x) ~ {hl)^^flp Z^o- Xs (■*)^i(^'^)- 

Finally, each term ^ (s)6;(a;'^) is the ^-th moment of a suitable p-adic measure on Zp 
because the identification X]i^o(^"('^'^)/^')^"' = ^^=o (^nU" with a„ G Op through the 
substituition [/ = e^ — 1 yields an identification ^'^^Q{bn{x'^) /'n\)z^T^ — X]^o '^"^" 
where V = {U + 1)" — 1 and this substitution preserves Oi^-integrality when z is a unit 
in a field with residue field Fp. Conclude using the linearity of measures. ■ 



4.3 Special L-values 

For / e M^q{A,N), let (jjf e L^{D^\Dl) be the usual "^^^-invariant C°° lift of 

f to D^. Namely, 0/(d) = /(^oo • «)j'(5'oo, »)"^'' det(goo)'' if rf = doffooW under (40). 
The Lie algebra g = g[2 ~ Lie(£'^) acts on the C-valued C°° functions on D^ by 
{A ■ (p){d) = ■^ip{de*'^)\ . By linearity and composition the action extends to the 
complexified universal enveloping algebra 2l(g)c. Let 

be the usual eigenbasis of gc for the adjoint action of the maximal compact subgroup 

r^^,^s f /^x / COS 6 — sin0 \ , , ^ 
SO 2 = <^ r{e) = . . . such that 6 G 

^ ' y y smt^ cos 6^ J 

Since Ad(r(0))X± == e=F2»»X±, we have X± • ^/ G M^^^^q{/\,N). A standard compu- 
tation (e.g. [3, §§2.1-2]) links the Lie action to the Maass operators of §2.3, namely 

For r > let 

--1a+) ■cj.f^c^.r^j. (42) 

Definition 4.12. Let / G A'/2k,o(A, A^), ^ G Sw(cOk) for a weight w_ such that |u;| = 
and T = t + iy Cz CMa,^ with c^jv = c and associated normalized embedding j. For 
each r > 0, let 

M.f,^,T)= f Mjit)doo)mdt 

JKfjKyRy^ 

(1/9 1 / 2 \ 

^0 -1/2 ) ^'^'-^ '^^ ^^ ^^"^ Haar measure on X^ whose archimedcan com- 
ponent is normalized so that vol(C^/K^) = it and such that the local grups of units 
have volume 1 (hence rUc = vol(C)^ J = [{Ok/cOkV ■ {1/cLY]-^). 
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We show that Jr{f, ^, t) can be expressed in terms of the pairing introduced in §4.1. 



Write wk.c ~ 






Theorem 4.13. LeA f e M2K,o(A,iV) and (, e E(^_^-,{Ok,c)- Assume that {0^,,f'^ = 
1 . Then 

Proof. Since the integrand function is right O^ ^-invariant, we have Jr{f,£,,T) = 
"^c //f X /^xrxqx (pr{j{t)doo)^{t) dt. For a chosen set of representatives {s^} of CJ 
there is a decomposition 

Kl/K''R''d^^^= [j C^s^/R^O^,^ (disjoint imion). 

Therefore, Jr{.f,£.,T) ^ mcJ2^ec»,^(^<y) Jc>^ /trxo^ yr{j{saz)doo)(,oo{z) d'^ z. 

Since the standard normalized embedding of C in M2(M) is pe i— > pr{9), we can 
write D^ 3 j{z) = pdoor{9)d'^ . Therefore j^-^ /^y.QX_ ^(l)r{j{s^z)doo)(.oo{z) d^ z = 

^k]c Io Mj{s^doo)r{e))^o.{e''') d9 = w^^^Mji^^d^)) jfe-^^i-+-)<>e-^^^' d9 and 



>VrU,t,rj~| Q ot^ ■— ■ ^ "^^ 



otherwise 



Note that this proves the claimed formula when w ^ —k — r since the inner product in 
its right hand side vanishes in this case. Thus, we may now assume that w — — k — r. 
Put la = S,{sa)(l)r{s„drxi) and write s = a^ = dsQgUs under (40) and t,, ~ QsT. Note that 
||iV^/Q(s)|| = det(.gs). Under the hypothesis (O^ ^^(K+r) ^ i ^g }^^^q 



I. = as)5^;lf{gsd^-i)j{gsd^,i)-^'^-+^Uet{gsT+^ 

= y^n(«)CV(r.).K5s,r)-2(«+'-) ||iV^/Q(.)|r+'^ 

= y^+'^e(s)c(.) {f,x) {s)pius , r, )2(-+'-) J (5, , r)-'i-+r) || Nk/q (s) || ^^' 

= y^n(s)c(,)(/,a;)(s)p(c.,„,T,j2(-+'-)j(ff.„,T)-2(«+'-)||7V^/Q(s) 

= y^+'^0^(r)2(«+'-)^(s)c(,)(/,a;)(s) ||7Vk/q(s) 






where So is a normalized representant. It is now clear that the formula follows. ■ 

Definition 4.14. Let M be a proper divisor of N, x ^ CM{A, N;Ok,c) and x' G 
CM{A,M;Ok,c') the image of x under the natural quotient map. A character £, G 
'^w{Ok.c) is called (x, M)-primitive if it is not trivial on O^ ^, . 

For a divisor d of N/M there is an embedding laa ■ Af2K,o(A, M) — > M2k,o(A, A^). 
When A = 1 the embedding is simply f{z) i~^ f{dz). When A > 1 the explicit descrip- 
tion of LA,d is less immediate, e.g. [34, §3]. We denote M2k,o(A, iV)^~°''* the span of 
the images of the embeddings tA,d for all d. After theorem 4.13 the following result can 
be read as an orthogonality statement between primitive characters and AT ^-modular 
forms arising from oldforms. 
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Proposition 4.15. Let t G CMa.k and x G CM(A, iV; 0^,0) be the point represented 
by T. Let f G M2k,o(A, A^)^"°''' and suppose that ^ G ^(-K-r,K+r){OK,c) is {x,M)- 
primitive. Then Jr{f,S,,T) = 0. 

Proof. Consider again the first expression in (43). Let x' G CM(A, M; Ok.c) the point 
image of x and choose a system of representants {s^/} of C', and a system of represen- 
tants {ri} of O^ c'I^k c- Then the set of products {s^rri} is a system of representatives 
of C| and since dr^ commutes with each r^ and / is M-old we obtain the expression 



j.(/,?,t) = ^^ ^ ^(n) E ^(^-')'^'-(^-"^-) 




which vanishes because ^ is non trivial on O^ rj I^k c- ' 

We shall assume from now on that the modular form / is a holomorphic newform 
with associated automorphic representation tt^ — nf. Let n be the automorphic repre- 
sentation of GL2(A) corresponding to n under the Jacquet-Langlands correspondence. 

Other than the Weil representation r^ of SL2 (A) , the adelic Schwartz-Bruhat space 
Sa{D) = 'S>n<oa'^p supports thc imitary representation of GO(£')(A) given by 

L{h)ip{x) = ||j^o(/i)|Ia 'fiih^^x), X G Da- 

We assume that the archimedean space Soc consists only of the Schwartz functions on 
Doo which are K^^ x iiT^-finite under the action oi D^ x D^ via the group GO{D) 
(§1.3). Here K^ is the maximal compact subgroup oi j{K^ (g) M) C D^ ~ GL2(IR). As 
explained in [14, §5], the two representations mingle into one single representation, still 
denoted r^, of the group R(D) = {{g,h) G GL2 x GO(Z?) such that det{g) — i^oih)} 

given by r^{g, h)tp = r^{gi)L{h)(j) where 51 = 5 (^ ^„(h) j • Note that 

• the assignment (g, h) h^ (171, h) sets up an isomorphism R{D) -^ SL2 x GO(Z)); 

• the group R{D) is naturally a subgroup of the symplectic group Sp(T4^), where 
W ^ P ® D with P the standard hyperbolic plane, via (g, h)x ® y = gx ® h^^y. 

The groups (SL2,0(£')) form a dual reductive pair in Sp(T4^) and the extended Weil 
representation r^ allows to realize the theta correspondence between the similitude 
groups. Thc theta kernel associated to a choice of (g,h) G R{D) and tp G Sa(D) is 
d{g^h\Lp) — X^dGD '''/'(ff' ^)'/'('^)- The theta lift to GO(I?) of a cuspidal automorphic 
form F on GL2(A) is the automorphic form on GO(Z))(A) given by 



9^{F){h)^ d{gg',h-^)F{gg')dg' (44) 

JSL2(Q)\SL2(A) 

where det(g) = 1^0 (^) ^^^id dg' is induced by a choice of a Haar measure dg ~ Y\dgp on 
GL2 (A) . A straightforward substitution yields 

er^ig^M)^{F){h) ^ 9^{7r{g^')F)ihhi), y{gi,h^) G R{D). (45) 

An automorphic form $ on GO(£')(A) pulls back via the map q of (15) to an automor- 
phic form $ on the product group D^ x D^ . Let 8(7r) be the space of automorphic 
forms on Z?^ x D^ which are pull-backs of theta lifts (44) with F E tt. If n^ denotes the 
contragredient representation of tt^ the crucial result is, with a slight abuse of notation, 
the following, [42]. 
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Theorem 4.16 (Shimizu). e(7r) = tt^ (g) tt^ . 
Remarks 4.17. 1. In our case of interest n^ = tt^ . 

2. Tire Sclrwartz functions, hence the theta lifts 6^p{F)^ are K}^ x ii'^-finite. Thus, in 
Shimizu's theorem the representation space tt^ consists of iiT^-finite autoniorphic 
forms. Note that the functions Tr{doc)4'r are X^-finite. 

3. An explicit version of Shimizu's theorem has been worked out by Watson [47], see 
also [38, §3.2] and [14, §12]. Namely, ii (p ~ <E)p<oofp is chosen as 

^oo(zi, Z2) = tl):,|«e--(-^-^+-^-^), ^, = ,,;^^"^"; ,,, (46) 

TT V0l((7CAr (g) Zp)^) 

where zi and Z2 are the complex coordinates in I?oo of §1-3, then 

7r(doo)0/ <8) Tr{doo)4'f = ^vi^) 

where F € tt is the adelic lift of an eigenform normalized so to have an equality 
of Petersson norms (7r((ioo)0/,7i'(rfoo)0/) = {FiF)- 

Let ^ — {£,,£,') e EuJ^cOk) x Stu'(cC'x) thought of as a character of the torus 
Kl X K]^. Let H{t) be any function on K^ x K]^ such that Hit)§it) is (i^^M^)^- 
invariant. Following [13, §14] [12, §1.4] we let 



L^{H)^ f H{t)at)dt. 

J(KXRX\i<-?<)2 



In particular, for ^ as in definition 4.12, 

i(^^^)(7r(doo)(/>r <X'7r(doo)0r) = Jr{f,tT)'^- 

When ^ = ^' is unitary, |w| — \w'\ — 0, the integral L^(6^p{F)) can also be read, 
via the map a of (15), as the Petersson scalar product of two autoniorphic forms on 
the similitude group T — G{0(K) x 0{K-^)) associated with the decomposition D = 
K®K-^, namely i(^,^)(6'y(i^)) = /t(q)t(r)\t(a) ^v(-P')((«> ^))C(&) d'^ad'^h, where a{t) = 
(a, b). Thus the seesaw identity [30] associated with the seesaw dual pair 



GL2 X GL2 




GO{D) 


T 


X 


T 


GL2 




GiOiK) X 0{K^)) 



identifies, up to a renormalization of the Haar measures, the value L/^^^\{9^{F)) with a 
scalar product on GL2, 

L^{9AF))= [ Fig)el{l,0i9,9)dg, (47) 

JGL2(Q)Ax\GL2(A) 

where 6** denotes the theta lift to GL2 x GL2. If (p is split and primitive, i.e. admits a 
decomposition (p — ipi(E)(p2 under Dqo — {K(BK'^)(g)M. and each component decomposes 
in a product of local factors, (pi = {2)r)<oo fi-p ^^^ * — 1j 2, then 0* (1, ^) splits as a product 
of two separate lifts. In fact 

<(1, 6(51, 52) -i^(0,$, 51)^^2(0(52) 

where: 
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• £'(0, $, g) is the value at s = of the holomorphic Eisenstein series attached to the 
unique flat section ([3, §3.7]) extending the function ^{g) = r^{g,k)(pi{0) where 
k S K^ is such that N{k) = det{g) and r^ denotes here the extended adelic Weil 
representation attached to if as a normcd space (Siegel-Wcil formula), 

• ^V2 (0(5) i'' ^ binary form in the automorphic representation 7r(^) of GL2 attached 
to^. 

This expression yields a relation between the right hand side of (47) and the value at the 
centre of symmetry of a Rankin-Selberg convolution integral. If the Whittaker function 
Wf of F decomposes as a product of local Whittaker functions, the Rankin-Sclberg 
integral admits an Euler decomposition [20] and L(^^^^-j{9^{F)) is equal to the value at 
s = ^ of the analytic continuation of 

g<oo 



where 



^•'"'■^••"^iL'^-llo ;)')«'■ 



^, f f a \ ,^\ „,^^ f f -a 

1 

a 



-1 



%u,[[ 1 )kj\a\-U-adkq. (48) 

The local measures are normalized so that Koo = S02(]R.) has volume 27r and Kg = 
GL2(Zg) has volume 1 for finite q. Also We is the Whittaker function and $"(5) ~ 

\WT~^ $(g) if 5 = nak under the TVAisT-decomposition where JK^^)!! = W/b]- Since 
the local term (48) does not vanish and for almost all q is the local Euler factor of some 
automorphic L-function, one obtains, as in [12, 13], a version of Waldspurger's result 
[46]. Namely, 



LdO^{F)) = A(^, e, s)L{7rK ® C, '^)L{vk, 2s)- 



s=l/2 



where A{(p, ^, s) is a finite product of local integrals, TTfc is the base change to K of the 
automorphic representation n and L{r]K, 2s) is the Dirichlet L-function attached to tjk, 
the quadratic character associated to K 

When (pf ~ ®p<oo V^p ^^'^ ^ ^^^ chosen as in Remark 4.17.3 the local non-archimede- 
an terms in the Rankin-Selberg integral have been explicitely computed by Prasanna [38, 
§3] under the simplifying assumptions that N is squarefree, c — I and S, is unramified. 
The effect of these assumptions is that 

1. the local component of ^ can be written either as S^g = (G^, (Cq^)~^) for some 
unramified character ^^p of Q^ at a prime q split in K under the isomorphism 
{K (Xi Qq)^ — Qq X QJ , or as ^g = ^^ o N^^/q^ for an unramified character ^^" of 
Qg at a prime q inert in K, or as ^g — ^™ o N^ /q at a ramified prime q where 
^™ is the unramified character of Q^ obtained by a trivial extension; 

2. at a prime q\NA the local component tt^ is equivalent to the special representation 
^(|.p+«*, j.|-5+**,) withg2*t, = 1. 
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Note that the former condition remains true for a split prime q that does not divide c 
and ^ e 'Ew{Rk,c) with \w\ = 0. Thus we can apply Prasanna's computations to this 
more general case to write down a formula in which only the local factors at primes in 
S = {g|ciV'} are left implicit, where N = NsfiN')"^ and A^sf is square-free. Namely, 



me. 



Voc'»¥'^ 



Vn 



{F))^ ;^Aco(^co,^co,s) n ^9(^9) L{TrK®^,-)L{rjK,2s)-' 



, q'<oo 



=1/2 

(49) 

where VAf = Hq^olHTZN (EiZ,)^), Aoo(</'oo,Coo, s) = |Nu||^ ^oo(2:u)~^ioo(¥'oo,Coo, f ) (z« 
denotes the complex coordinate of u in the chosen identification (Ku) (g) K. ~ C) and 






ifq splits, g ^ S, (g,iVsf) = 1 
-"^ iiq\Nsf, 

if (7 is inert, g ^ S, 
if (7 ramifies, 



where the ideal J' of proposition 1.3 in K (g)Qq is generated by g " when q is inert and 
decomposes as q^"'>''^Zq x q'^i-^Zq under K (g) Qq ~ Qq x Qq when g is split. 

Remark 4.18. It is clear that i^q{£,q) — 1 for almost all q. The local terms Xq{i^q) do 
depend on the choice of u in (11) (replacing u with xu the local Whittaker function 

Wg gets modified by the factor |Na;|~^ ^q{x)^^), but the quantity 



g<oo 

depends only on ^ and the chosen embedding j : K ^ D. 

For a pair of non-negative integers (to, g) consider the function of two complex vari- 
ables (^('■«)(zi,Z2) = (;zi^i)'z«e-2'^(^i*i+^2*='). 



Lemma 4.19. Let ip{z) = (zz) e 



/ „— 2x22 



Then the Fourier transform of ip is 



(^(wi+u;2i)=e-2^("'i+"'^) J2 7(a,/3;0^«?" 

0<a+P<l 



W. 



2/3 
2 ' 



where 



f{a,(3;l)^ J2 i-^^r 



a+0-ll^\ ( 2.A / 2fc 



a<j,f3<k 



jj \2aJ \2f3 



(2j - 2a -l)!!(2/c- 2/3-1)!! 



Proof. One has <fi{wi + W2i) = 2 J^^ ^4,^^1^1+^2x2) (^^j ^ ^2yg-27r(x?+:E^) ^^.^^^.^ = 
2Ej+fc=i Q (/Re2'^'"'i"'ixi^e-2'^="?dxi') f/^e^'^^^'^'^^xf e'^'r^' rf^a] and the result fol- 



lows from /jj e'*'^**'^" 



-27r2;^^2« 



dx = ;i=e-2^*^ ELo(-4^)-H2:)(2^ - 1)!!*''^-^' 
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Lemma 4.20. Let r > I > be integers, F the lift of a weight 2k eigenform and ^oo 
the character S,oo{z) ~ (z/z)''^'' of C^ . Then 

(O ifl<r, 

T I (;,2(K+r)) c \ ) 1 

\ (4,)=+2(«+.)-i iis + ^K + r 2J i^-r. 

Proof. It is well known that 1^^°° ((o?)^(^)) = a''chR+(a)e-2'ra-2«e, We compute 
the other two terms in the integrand of (48) separately with ^\{z\) — {z\z\f e""^^'-^^-^ 
and (^2(22) = Z2^''"^'^^e-2'^^^^^ 

1. To compute $^^ ((o?)^W) = l^r ^V'oo(^(-^))¥'i(0) we use the definitions (3) 
together with the decomposition 

ici\ /l-tan6l\ /O-IN / 1 - sin cos \ / l\ /l/cos6l \ /rn\ 

'^W= 1 (i ) 1 -10 COS0 • (50) 



Some straightforward passages yield r^^ir^BYjLpxifS) = (— cos6')</?" (0) where ^\[z) 
is the Fourier transform of e^^'^""^^'^'"^'^' (^i((cos0)z). Since 

(^«(0) = \ e-2''*"'"'*™^''l^lVi((cos6l)z)dz 
(for z = X + yi and from the previous lemma) 

= 2 ;^ j{a,P;l){cOSef^"+0'> f e-M"inecos+(cos0)^)(x^+v^)^2«y2;3^^^y 

^_ ^ (2a -1)!! (2/3-1)!! (cosg)^("+/^) 

^ "^^"'/^''^ (4^)"+'3 (-sin0cos0-(cos0)2)"+/3+i' 

eventually 

^ 7(a,/?;/)(2a-l)!!(2/?-l)!! ,,(,,,,,,, 

0<Q+/3<i ^ ' 

2. To compute PFg'°° ((^" i) ^(^)) '^^ need to use again (3) together with the de- 
composition (50). For, it should be noted that this time the norm in {Ku)(E)M. ~ C 
is — Nc/R (in particular, definite negative) and the main involution is z i-^ — z. 

Thus, we get W^^^ ^ ((7;') r(0)) - e^('"+'''+')'*W/^~^ ((7?))- On the other 
hand, for a choice of ft, G C^ such that Nh = —aNu"^ > 0, 



{~aNu-^)i I , _.,_ -i„__aN-i 



51 

^^^/ (^2(-aNw-i(ft^)-^))^^(fti?)d79 

^""^"^ '^' / ^2(^^~'w)eoo(/i^)rf^ 

(-aNu-l)2 /• (^^-l^^)2(«+r)g-2.a(^^)K+r(/^^-l)-«-r^^ 

(-Nu-i)^Coo(z«)a"+''+^e-2- 
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Putting all the ingredients together 



>o J51 






X 

0<a+l3<l 



Since a + /3 < Z < r we have 

(cos0)"+'3e*(2'-"-/5+i)ed0^ 

1 ^/a + /3\ /■ 2«rr-,)0j^ f2i-'-7r if a + /3 = / = r 
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^eC;")/,.'*-""^- 



2a+p z—^ \ j J Js^ otherwise. 

hence -/joo(¥''-''^'-'^^^-'\^oo, s) = if / < r. When I = r, since 7(j, r — j;r) ~ (^) and 
X]f=o ('■)(^-? ^ l)!!(2r — 2j — 1)!! = 2'"r! as readily proved by induction, we have 

(-47r)'^ Jr>o 



We shall now state and prove the main result of this section. 

Theorem 4.21. Let N be a positive integer and fix a decomposition N = ANq with A a 
product of an even number of distinct primes and (A, No) — 1. Let tt be an automorphic 
cuspidal representation for GL2 of conductor N such that 

1. TToo — cr(/ii,/i2), the discrete series representation with /xi^2^ (t) — t^'^^^sgn{t). 

2. TTi is special for each £\A. 

Let K be a quadratic imaginary field such that all £\A are inert in K and all £\No are 
split in K . Let c be a positive integer with (c, TV) = 1 and p an odd prime number 
not dividing N that splits in K. Assume that O^ ^ = {±1}- Suppose that there exist 
Grossencharakters x G '^(-2k.0){O k,c) and S^ G S(_2.o)(C'if,c) such that thep-adic avatar 
^ takes values in a totally ramified extension of Qp . 

Then, there exists x g CM(A, N; Ok,c) represented by t — t + yi Cz CMa.k with 
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associated periods fioo Cind ^Ip such that for all r > 



^ — ^^ ^ ^ ./ I > t/(4.T. -)L(TrK «) £r, -)LiriK, I) 

where £r = ^X*" UV/f/Q o-'^d xu is a (fixed) ratio of Petersson norms. 



Proof. Let D be the quaternion algebra with A/j ~ A. By hypothesis the represen- 
tation TT is the image of an automorphic representation tt^ oi D^ under the Jacquet- 
Langlands correspondence and let / S S2k.o{A, No) be a holomorphic newform in tt^ . 
For all integers r > let (f>r be as in (42). 

By proposition 1.6 there exists x E CM(A, N;Ok,c) and choose a split p-ordinary 
test triple (r, w,e), t = t + iy, representing x with corresponding rfoo G SL2(M). By 
taking Oy and F large enough, we can assume that / is defined over 0(t,) C Op, and 
that the measure ^(/, x; x, C) has values in Op 

By remark 4.17.3 we can write n{doo)4>o ^ T^{doo)4'o = w9^{F) with ip = ipoa ® '■P^ 
as in (46), F the adelization of the normalized eigenform in tt and n7 G C^ a Petersson 
normalization constant. We claim that for all r > 

7r(doo)(/'r «)7r(doo)(/'r =^^ S^r.2{'<.+.)(g,^f{F)+^arJ,e^i,2{^+^)(g,^f{F) (51) 

'^ 1=0 

where a^.i € n7Z[7r]. For, the short exact sequence (14) gives a Lie algebras identification 
Qo{D) ~ (Doo X L'oo)/K and in particular o{D) = {{A, B) e Doo x Doo | trA = trB}/M ~ 
sb X s[2. Under this identification, differentiating (45) yields 



d 



^H^F) = -0^(F)(/icxp(ti7)) 



with Hlp{x) ^ —(p{e~*"^xe*"'') 
t=o dt 



for all H = {Hi,H2) E Lie(0(I?)). If A e sh a repeated application of the last 
formula with A' = (A, 0) and A" = (0, A) shows that the diagonal action of A on 
TT^ (g) TT^ corresponds to the action of the second order operator A2 = A' A" = A" A' E 
2l(Lie(0(£'))) on Schwartz functions, i.e. 

A2V{X) = ^^{e-^xe^^: 

We are interested in the expression of the operator A2 in the normalized coordinates for 
A = dooX^d'^ . Up to conjugation, this is the same as to compute the second order oper- 
ator associated to A = X^ under the standard coordinates (16). A straightforward com- 
putation using the obvious real coordinates associated to the underlying real decomposi- 
tion Doo = M(\)®M(i"^)®M(/)®M("\) shows that A' = -» (^2 J7 + zi J;) 

and A" = i (z2 -^ — h zi -M- ) , so that 

2 92 92 92 92 d 

A2 = ^2^ ^^ + Z1Z2 +^1^2 a ^^ + ^1^17—^ + Z2^^. 

oziozi OZ1OZ2 OZ1OZ2 dz2 0Z2 
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Since 

_ f-27r</.o^9+2 + 47r2(/,i'9+2 if m = 0, 

2<P - |^2^m-1.9+2 _ (4^ _ 2)7r(/)™'9+2 + 47r20'"+l'9+2 if m > 1, 

formula (51) follows from an r-fold iteration using the linearity of the theta lift and the 
definitions (42) and (46) of (j)r and ipoo respectively. 

Let Xr be a Grossencharakter of weight (— 2(«; + r), 0) and trivial on R^ such that 
Cr — Xr \\^k/q\\ is unitary. Combining (51) and (49) with lemma 4.20 we get 



On the other hand, from theorem 4.13, 

When Xr — xC^ we use proposition 4.6 to rewrite the last formula as 

2 

Substituting (52) into the latter formula proves the theorem. ■ 
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